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Problem 1

Part (a)

Recall that T% is the y-component of the momentum density. If the sphere is
rotating about the z-axis, the velocity of point (r, 6, ¢) is

v = (—rQsindsin ¢, Q2 sin 6 cos ¢, 0). (1.1)
And so
T% = rQpsin 6 cos ¢, (1.2)

where p is the mass density. Since the total mass of the shell is M and the
radius is R, we find

M

pP= FRQ‘S(T_R)’ (1.3)
and thus

MrQ

Oy _ ; _
T D sinfcos ¢ d(r — R), (1.4)

which is the desired result. O
Part (b)

In linearized gravity with the Lorentz gauge we have
Dhag = —167T3. (1.5)

But note that the source term (right-hand side) is stationary (independent of
time), and so the field h must also be stationary. Hence the above field equation
becomes a spatial Poisson equation. Thus

V?hoy = —167Ty, = 167T%. (1.6)
Using the hint, we write

T — %Yn(e, $)5(r — R), (1.7)

where we have used the real spherical harmonic
3 .
Y11(0,¢) = 4—sm9(:os o. (1.8)
71'
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Since V2Yy,, = —£(£+1)Yy,, /r? and T is a multiple of Y11, it follows that Boy
is also a multiple of Y71. Thus we write

hoy = F(r)Y11(0, ¢). (1.9)

Substituting this into (1.6)) gives

Yur (0, 0)V2F(r) — P(r) 221 0:9) fmm1<9, 9)5(r — R)

r2 3 R?
1 d [ ,dF\ 2F
2F"  2F
< F”"‘T_TT:OKF(S(T_R), (110)
where

T 8MS)
az\/g PR (1.11)

Solving the above ODE with Mathematica gives
aR(r3 — R3)H(r — R)
3r2

. (01 + 2 R)) t (02 - “TR4H<T - R)) SRCRE)

Cy
F(r):Clr+T—2+

where Cy and Cy are integration constants and H(r — R) is the Heaviside step
function, given by

0 ifr<R
H(T_R)_{ 1 ifr>R. (1.13)

F(r) needs to remain finite as » — 0, and so Cy = 0, because H(0 — R) = 0.
Similarly, F(r) needs to be bounded as r — oo, thus 4, = —aR/3, because
H(oo — R) = 1. So we get

a 3
Plr) = _?R (r(l _H(r—R) + %H(r _ R))

_aR2{ r/R ifr<R

3 (R/r)? ifr > R. (1.14)

Thus we can write

hoy = F(r)Y11(0,¢) = F(r)y/ % sinf cos ¢ = f(r)sin 6 cos ¢, (1.15)
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where
3 /'3 aR? r/R ifr<R
f(r)—F(r)\/;_— ir 3 { (R/r)? ifr>R
774MQ /R ifr<R
- 3 (R/r)? ifr>R
— 4]\34];27“ ifr <R
= AMOR? (1.16)
- ——— ifr>R
3r2 ’
which is the desired result. O
Part (c)

Consider an observer at fixed r and § = 7/2. Suppose there is a ring mirror in
the plane § = 7/2 and at radius r. The observer sends out a flash of light and
some photons that hit the mirror tangentially will skim along the ring mirror
and come back to the observer on the other side. There are photons traveling
in the +¢ and —¢ directions. Since the photons are at constant r and 6, we
have dr = df = 0. Since they are photons, we have ds? = 0 and so

0 = ds? = goodt® + 2gogdtdd + gssde>
& 0= goo + 29042 + 9¢¢Q27 (1.17)

where 0 = d¢/dt is the angular velocity of the photons. Solving the above
quadratic for € yields

p— 2 -
290p * /4954 — 4900946 _ 905 o6 goo (1.18)

2940 9oo 93s 9o

QL =

If the observer is rotating with angular velocity w, then the observed angular
velocities of the photons will be . = Q1 —w. We want to find w so that the
observer sees no difference in the +¢ and —¢ directions, i.e. so that it looks to

the observer as if she was not rotating. Hence we want Q, = —Q’_, therefore
0=\ +0 =292 9,
oo
& w=-2 (1.19)
oo

Thus we have shown that observers need to rotate with an angular velocity
W = —goe/gee in order to be considered stationary in the sense that spacetime
looks symmetric in the ¢ direction for them. O
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Part (d)

Note that the basis vectors €, = 0/0y and €y = 0/0¢ are parallel at ¢ = 0.

But €, has length 1 while €, has length rsinf. Thus we get

AMQr? sin® 6
) 7% if r <R
gog ZTSine(hOy)|¢:o - AMQR? sin? 6
- if r > R.
.

Part (e)
Recall that g4 = 72 sin?§ and so inside the shell we have

L gop  AMQsin*9 1 4MQ
o6 3R r2sin’d 3R’

which is the desired result.

(1.20)

(1.21)

Problem 2

Outside the neutron star we have a Schwarzschild spacetime, which is spherically
symmetric and so we can choose Paul’s orbit to be in the § = 7/2 plane, so
u? = 0. Since the orbit is circular, we have u” = 0. The geodesic equation

Prt o e’ da
a2 BYd\ d\

now gives for a = r
0= —FTBWuBu'Y.

Recall that the Schwarzschild metric is

oM oM\
ds? = — <1 — ) dt® + <1 - ) dr? + r2d0? + r%sin? 0 d¢?,
T 'S

and so

1
Frﬁw - §gr"(gw,3 + 98y — 9By

= QQM(QT%B + 9ry — 9By.r) (no summation over r),

(2.1)

(2.2)

(2.3)

(2.4)
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0

since the metric is diagonal. Since " = u” = 0, we are only interested for

B,y =t,¢. We find

. 1, 1 2M oM\ M 2M
Pn=—50"0ur=—5 177 )2 )= 177 )

Frtqb =0,
[y = —%g”qur = —% (1 — 2‘;\4> 2rsin® ) = — (1 - Zi\/‘[> T, (2.5)
since 8 = 7/2. Now the geodesic equation gives
0= _Frtt(ut)2 - Fr¢¢>(ud))2
é\ 2 r
()~ - 5 - 2

since Paul’s orbit is at r = 6M. Note that
o (4) 2 (Ao (Y’ 27)
S \dt)  \adxdt) \ut)’ '

dp 1

YTAt T 66M

Between the two meetings of Paul and Peter, Paul completes 10 orbits, so A¢ =
207 and thus this takes

and so

(2.8)

At = 201 x 6V6M = 120V/67 M (2.9)

in coordinate time. Recall that u®u, = —1, so
—1 = gst(u")? + 9o (u®)? = gar(u") + ggow? (u')?

OM  Mr2sin?6
= <_1++7"T831n> (ut)2

r
o ul = (1 - ?’iw>_l/2 =2 (2.10)
Since
ut = %, (2.11)

the elapsed proper time measured by Paul is

At
ATpau = — = 120V/37M = 653 M. (2.12)
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Let the H be the maximum height that Peter reaches. Once Peter is at
r = H, he will fall freely back to the neutron star. Due to symmetry, the time
it takes Peter to fall from H to r = 6M is At/2. Using the equations derived
in class for radial free-fall, we have

o3 )
ATpeter = 2 S—M(n + sinp), (2.13)
where the factor of 2 comes from the fact that Peter first travels from r = 6 M
to r = H and then he freely falls from » = H back to r = 6 M. By symmetry,
both directions take the same amount of proper time and coordinate time. To
find 7 and H, we have the following two equations

6M =1 = Mh(1+ cosn),

At |Vh—1+tann/2 h )
30\/(757rfm71n i =T~ tann)2 +vh-1 77+§(77+sm77) , (2.14)

where h = H/(2M). We can find a numerical solution to the above equations
with Mathematica’s FindRoot, but we need to supply it with an initial guess.
We know that Peter passes r = 6M and keeps moving to a higher radius. Thus
we guess h ~ 20 and then n = arccos(6/h —1) ~ 2.3. With these initial guesses,
Mathematica gives

h~27.35,  n=~ 2.466. (2.15)
Thus the elapsed proper time for Peter is

ATpeter = 2MVE3(n + sinn) ~ 884M. (2.16)

Note that it makes sense that less proper time passes for Paul, because Paul
is in a highly relativistic orbit inside a deep gravitational well, which makes his
clock go much slower. Peter spends a lot of time much further away from the
neutron star.

Problem 3

A rocketship is a massive object so it must move along a time-like worldline.
Parameterize its trajectory by the proper time, 7, and so its 4-velocity must
satisfy

2 ~1 2 2 2
= 1—7M AN 1—ﬂ dr — 7?2 0 —r?sin? 6 @
r dr r dr dr dr

(3.1)
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Inside of the horizon, (r < 2M), all of the terms are negative, except the (%)2

term so then
oM\ ! [dr\?
11— — — 2

We also know that the sign of ~ must be negative for a physical, future directed
observer. From that,

oM\ /2
dr<<1—> dr

r

0 -1/2
2M
= Tmazx :/ (]_ — ) d?”
2M r

= Trmas = [m—&—Mcos (M_l)}

0
=M (3.3)
2M

Problem 4

Part (a)

When the particle moves in the equitorial plane, we have L? = pi, which is

a conserved quantity because pg is conserved. (5 = 8% is a Killing vector so

E - p is conserved.) However, by spherical symmetry, the motion is alway in the
equitorial plane for some rotated coordinate system. If pys can be written as an
invarient quantity and then evaluated the invarient in the original system, that
would be sufficient to prove the problem statement.

At some instant when the particle is at radius r, the covarient 4-velocity p
has components (p,,pt, s, ps). Consider the a "reduced” 4-velocity pred that
is constructed from p, via a projection operator and whose construction is
independent of 6§ and ¢. Now when the motion is in the equitorial plane, pg =0
and 6 = 7/2 so then

L 7gaﬂpredpred g¢¢ 2, 2 7p(21) (41)
is a conserved quantity. However, in general
2
7.2 —geer2p2 +g¢¢ 2,2 _pe + n¢>9 (4_2)

so this must be conserved in general.
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Part (b)

Using spherical symetry of the metric, we orient the coordinate axes so that the
particla is at @ = /2 with § = 0 at 7 = 0. Now consider the geodesic equation
for the 6

20 ab dz? dx

arz 9 O ar
B

:gengmx 7

1
:§F9ﬂ7x5x7 (4.3)

using the fact that the metric is diagonal and that ¢??ggy = 1. Using the
equation for Christoffel symbols I'gg, = %(795%9 + gop.~ + go-,8), the only
nonzero symbols are

Loor =Tgro =1
Tgsp = r?sinf cosd (4.4)

Then the geodesic equation from above becomes

d*6

2. . P
i —;rﬁ + sin 6 cos 0¢ (4.5)

From the initial conditions, start with 8 = 0 and cos /2 = 0 which imply that

d?o

— =0 4.6

dr? (4.6)
Thus, 0 is constant and so since it starts at 0, it will remain at 0 for all 7 and
thus will not move out of the § = 7/2 plane.

Part (c)

Using the constant of motion L? from above, start with

A 1 v
(57) == <L2 gy o

Let the unperturbed orbit be at § = /2 with L = py = K constant in which
case the equation is 0. Suppose that the particle is perturbed out of the plane
of the orbit, § = /2 +60,L = K + 6L,ps = K + 0py. Taylor expand the
above equation and keep terms to first order in §L and éps and second order in
660, noting that the 0th order terms disappear because they match the equation
above.

[dSS/\G)] _ %4[21((5@ — 2Kdpy — K3(50)?] (4.8)

Kevin Barkett, Jonas Lippuner, and Mark Scheel December 7, 2015



Solutions Ph 236a — Week 9 Page 10 of 13

where the expansion about §0 = 0 gives sin~*(7/2 + 00) = 1 + (§0) + O(66%).
Now take the derivative of both sides by dA and drop the higher order terms.

d [d(é@)]2:: d(56) {d2(59)} _ K2 d(06)

dx | d d\ d\2 e dA
d2(80) K?

But this is simply the equation of motion for a harmonic oscillator for §6. Thus
the perturbation d6 does not grow, but continues to oscillate around 7/2 and
so the orbit is stable.

Problem 5

Part (a)

Start by defining new coordinates X = z,Y = y, Z(t,z) and T'(¢,2). For ease

of notation, define Z, = %—f,Tz = %—Z, ... so then

dZ% = 7%d2? + Z2dt? + 27, Zdzdt
dT? = T?d2? + TPdt* + 2T, T,dzdt (5.1)

Note, that to show the Rindler metric is flat, want —dT?+dZ? = —g¢?22dt?>+dz>
which means that

72 -T?=1
Tth = ZZZt
T - 7} = ¢°2* (5.2)

The functions which satisfy these conditions are the hyperbolic sine and cosine
functions so

Z = £zcosh gt
T = £zsinh gt (5.3)

Plug those into the equation for the metric and see that ds? = —dT? + dX? +
dY? + dz>.
Part (b)

The graph below illustrates the relationship between the two coordinate systems.
The curves of constant t obey +tanh gt = T//Z which are straight lines. Note
that the slope of this family of lines is confined to between +1. Curves of
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§ c‘“‘f’f"" et |

Trayechey

2-(
: _5
-\ =
[ L
gt:,‘)c:n
=Y
FAPIY ’
2 3 4 t=o 5 z
2z -2
f.'
-1,5+ fh/ ~c
—ad

constant z obey 22 = Z2 — T? which are hyperbolae. The Rindler coordinates
also break down for the region where T' > Z.

For a point particle dropped at t = 0, z = 2z, its trajectory is a straight line
in the +7T'—direction in the T, Z coordinates, because it is moving in geodesic
in Minkowski spacetime. However, the particle will not appear to move in a
straight line in the Rindler coordinates, but it still moves along geodesics so it
obeys the geodesic equation of motion

Pz

IV ~I%, 3% (5.4)

and since in a coordinate basis, T'agy = £(gas,y + Yar,8 — 98y,a). However, the
only derivative of the metric that is not zero is

goo,. = —229°
= Too. = Loz0 = —¢°2, T.o0 = g%z
1
= FOOZ = Fozo =, o0 = 9’z (5.5)
z

Plugging this into the equation of motion for each of the components yields

T=9y=0
.2,
t=——tz
z
5= —g%zi? (5.6)
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where the each dot reperesents %. To reduce them to Rindler coordinates,

dz _2
dt
&z _dz
dt2  dt i
/i)
t
7tz — iz
==
i3922+ %tz2
d*z 9 2 (dz\?

For large z, this looks like a harmonic oscillator potential pulling the particle
towards z = 0, but when z gets small, the second term takes over and slows the
particle down. The particle will reach the z = 0 plane at t = co.

Part (c)
The Schwarzchild metric is given by
ds* = — (1 - 2];4> dt* + (1 - 2];4> - dr? + r2d9? (5.8)
Let u = (1 — %)1/2 for r > 2M. From there,
112M
w=samd
=dr = %gdﬁ (5.9)

With this, the equation equation above can be rewritten with this coordinate
as

4
- T ~
ds® = —u2dt® + W‘h‘? + r2dQ? (5.10)
where now r = r(u). Near the event horizon, r ~ 2M, @ is small so then

- 16M*
ds* = —u2dt? + Wdzﬁ + 4MZd0? (5.11)
Make one last substitution for v = 4M 4 and then

u2

1602
= — (gu)?dt* + du® + 4M*?d9? (5.12)

ds? = dt® + du® + AM?2dO?
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where g = ﬁ. This is the Rindler spacetime for radial infall. This transfor-
mation can help gain insight of what happens to a particle passing through the
event horizon. As it approaches r = 2M, a distant observer (whose proper time
is just t) sees the particle slow down and take an infinite time to reach u = 0,
just like above in part (b). But since Rindler is really just flat spacetime, an
observer with the particle sees nothing special as it pass through r = 2M.
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