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Problem 1

Part (a)

Recall that

Gαβ = Rαβ −
1

2
gαβR, (1.1)

where

Rαβ = Rµαµβ ,

R = Rνν . (1.2)

And

Rαβγδ = Γαβδ,γ − Γαβγ,δ + ΓαµγΓµβδ − ΓανδΓ
ν
βγ , (1.3)

where

Γγαβ =
1

2
gγµ (gαµ,β + gµβ,α − gαβ,µ) . (1.4)

Now we split Rαβ into the terms involving second time derivatives of the metric
and all the other terms not involving second time derivatives of the metric. We
denote terms that do not contain second time derivatives of the metric with
( · · · ). We find

Rαβ = Rµαµβ = Γµαβ,µ − Γµαµ,β + ( · · · )

=
1

2
gµν (gαν,β,µ + gνβ,α,µ − gαβ,ν,µ − gαν,µ,β − gνµ,α,β + gαµ,ν,β) + ( · · · )

=
1

2
gµν (gαµ,ν,β + gβµ,ν,α − gαβ,µ,ν − gµν,α,β) + ( · · · ), (1.5)

where we changed the order of the derivatives, relabeled dummy indices, and
used that the metric is symmetric. Note that Rαβ = Rβα, as required. The
Ricci scalar becomes

R = Rββ = gαβRαβ

=
1

2
gαβgµν (gαµ,ν,β + gβµ,ν,α − gαβ,µ,ν − gµν,α,β) + ( · · · )

=
1

2
gαβgµν (2gαµ,ν,β − 2gαβ,µ,ν) + ( · · · )

= gα0gµ0gαµ,0,0 − gαβg00gαβ,0,0 + ( · · · )
=

(
gµ0gν0 − g00gµν

)
gµν,0,0 + ( · · · ). (1.6)
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We find

R00 = g0αg0βRαβ

=
1

2

(
g0αg00gµ0gαµ,0,0 + g00g0βgµ0gβµ,0,0 − g0αg0βg00gαβ,0,0

− g00g00gµνgµν,0,0
)

+ ( · · · )

=
1

2
g00

(
gµ0gν0 − g00gµν

)
gµν,0,0 + ( · · · )

=
1

2
g00R+ ( · · · ), (1.7)

and

R0k = Rk0 = g0αgkβRαβ

=
1

2

(
g0αgk0gµ0gαµ,0,0 + g00gkβgµ0gβµ,0,0 − g0αgkβg00gαβ,0,0

− g00gk0gµνgµν,0,0
)

+ ( · · · )

=
1

2
gk0

(
gµ0gν0 − g00gµν

)
gµν,0,0 + ( · · · )

=
1

2
gk0R+ ( · · · ). (1.8)

Now we get

G00 = R00 − 1

2
g00R =

1

2
g00R− 1

2
g00R+ ( · · · )

= 0 + ( · · · ), (1.9)

and

G0k = R0k − 1

2
g0kR =

1

2
gk0R− 1

2
g0kR+ ( · · · )

= 0 + ( · · · ), (1.10)

and so we have shown that G0µ = Gµ0 does not contain any second time deriva-
tives of the metric.

Part (b)

From (1.5) we get

Rij = giαgjβRαβ

=
1

2

(
giαgj0gµ0gαµ,0,0 + gi0gjβgµ0gβµ,0,0 − giαgjβg00gαβ,0,0

− gi0gj0gµνgµν,0,0
)

+ ( · · · )

=
1

2

(
giµgj0g0ν + gi0gjµg0ν − giµgjνg00 − gi0gj0gµν

)
gµν,0,0 + ( · · · ).

(1.11)
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And so, using (1.6) we obtain

Gij = Rij − 1

2
gijR

=
1

2

(
giµgj0g0ν + gi0gjµg0ν − giµgjνg00 − gi0gj0gµν

− gijgµ0gν0 + gijg00gµν
)
gµν,0,0 + ( · · · )

= (0)g00,0,0 +
1

2

(
gi0gj0g0k − gi0gjkg00

)
g0k,0,0

+
1

2

(
gi0gjkg00 − gi0gj0gk0

)
gk0,0,0 +

1

2

(
gikgj0g0l + gi0gjkg0l − gikgjlg00

− gi0gj0gkl − gijgk0gl0 + gijg00gkl
)
gkl,0,0 + ( · · · )

=
1

2

(
gik

(
gj0g0l − g00gjl

)
+ gi0

(
gjkg0l − gj0gkl

)
− gij

(
gk0g0l − g00gkl

))
× gkl,0,0 + ( · · · ), (1.12)

and so Gij does indeed contain second time derivatives of the metric.

Problem 2

We have

Tµν = (p+ ρ)uµuν + pgµν . (2.1)

Recall that Tµν;µ = 0, so

0 = (p+ ρ),µu
µuν + (p+ ρ)uµ;µu

ν + (p+ ρ)uµuν;µ + p,µg
µν + pgµν;µ . (2.2)

The last term is zero since gµν;µ = 0. Now multiply by the projection tensor
Pαν = uαuν + gαν . You get

0 = PανT
µν

;µ = Pαν(p+ ρ)uµuν;µ + p,µg
µνTαν

= (p+ ρ)uµuα;µ + p,α + p,µu
µuα, (2.3)

which is the same as the relativistic Euler equation

(p+ ρ)∇~u~u = −∇p− ~u∇~up. (2.4)

Problem 3

Part (a)

Start by looking at the RHS of equation (3) from the problem set:

wαβ + σαβ +
1

3
θPαβ − aαuβ (3.1)
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and plugging in expressions for each of the terms, starting with σαβ and then
wαβ and finally aα = uα;γu

γ .

wαβ + σαβ +
1

3
θPαβ − aαuβ =

=wαβ +
1

2
(uα;µP

µ
β + uβ;µP

µ
α )− 1

3
θPαβ +

1

3
θPαβ − aαuβ

=
1

2
(uα;µP

µ
β − uβ;µP

µ
α ) +

1

2
(uα;µP

µ
β − uβ;µP

µ
α )− aαuβ

=uα;µP
µ
β − uα;γu

γuβ (3.2)

Now plug in the projection operator so that

uα;µP
µ
β − uα;γu

γuβ =uα;µ(gµβ + uµuβ)− uα;γu
γuβ

=uα;β (3.3)

Part (b)

From the definition of θ = ∇ · ~u, write

dθ

dτ
= uβ(uα;α);β = uβuα;αβ = uβ(uα;βα −Rαβαγuγ)

= uβuα;βα −Rβγuβuγ (3.4)

Now consider the term uβuα;βα and use the results from part (a) as well as the
ability to raise/lower indices that are being contracted,

uβuα;βα =(uα;βu
β);α − uα;βu

β
;α

=aα;α − uα;βu
β;α

=aα;α − (wαβ + σαβ +
1

3
θPαβ − aαuβ)(wβα + σβα +

1

3
θP βα − aβuα)

(3.5)

Now note that wαβ is antisymmetric and that both σαβ and Pαβ are symmetric.
So when considering the cross terms, terms that are contractions between sym-
metric and antisymmetric are 0 meaning that terms like wαβσ

αβ = wαβP
αβ = 0.

Also, the projection operator is orthogonal to uα ⇒ Pαβuα = 0. Next look at
terms like

uα;µP
µ
β a

βuα =
1

2
(uαuα);µa

βPµβ = (0) (3.6)

This shows, along with projection operator orthoganality, that terms like

wαβaαuβ = σαβaαuβ =
1

3
θP βαaαuβ = 0 (3.7)
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Also, aαuα = 0 as the 4-velocity and 4-acceleration are orthogonal to each other.
After all these simplification, all that remains is

uβuα;βα = aα;α + wαβw
αβ − (σαβ +

1

3
θPαβ)(σαβ +

1

3
θPαβ) (3.8)

Now consider contracting the projection operator with itself (keeping in mind
uα is orthogonal to it)

PαβP
αβ = (gαβ + uαuβ)gαβ = g2 − u2 = 3

⇒ 1

3
θPαβ ×

1

3
θPαβ =

1

3
θ2 (3.9)

The last term to consider is the contraction between σαβP
αβ . Note that the

projection operator acting on itself gives a projection operator, or simply put
PµγPγν = Pµν . Expanding σ, the term becomes

σαβP
αβ =

(
1

2
(uα;µP

µ
β + uβ;µP

µ
α )− 1

3
θPαβ

)
Pαβ

=
1

2
(uα;µP

µα + uβ;µP
µβ)− θ

=uα;µP
µα − uα;α

=uα;µg
αµ + uα;µu

αuµ − u ;α
α

=aαu
α

=0 (3.10)

Using these results in equation (3.8) and plugging everything back into (3.4)
yields the desired result:

dθ

dτ
= aα;α + wαβw

αβ − σαβσαβ −
1

3
θ2 −Rαβαγuβuγ (3.11)

Part (c)

From the problem statement, let the hypersurfaces be parameterized by f =
constant for a scalar function f . So then let vα = hf;α for some scalar h. Then

vµ;ν = h;νfµ + hf;µν (3.12)

Now consider the quanity of interest.

v[λvµ;ν] = hf[;λh;νf;µ] + h2f[;λf;µν] (3.13)

Now the first term must be zero because f;λf;µ = f;µf;λ and so any antisym-
metrization of terms of that sort will be zero. The second term vanishes because
f;µν = f;νµ (because f is a scalar). Therefore, it must be that v[λvµ;ν] = 0.
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Part (d)

Consider each of the terms in the differential equation

dθ

dτ
= aα;α + wαβw

αβ − σαβσαβ −
1

3
θ2 −Rαβαγuβuγ (3.14)

individually. First, the worldlines are all geodesics, so that aα;α = (uα;βu
β);α =

0 by the geodesic equation. Next, uα is a hypersurface orthogonal. Consider
the quantity uγu[γuα;β]. When plugging in the equation for uα;β from part (a),
the antisymmetrization with uγ will cancel out any symmetric terms, leaving
only

uγu[γuα;β] = uγu[γwαβ] = 0

⇒ wαβ = 0 (3.15)

The strong energy condition imposes an additional constraint for the Ricci ten-
sor,

Tµνu
µuν +

1

2
T ≥ 0

⇒ 1

8π
Rµνu

µuν =

(
Tµν −

1

2
gµνT

)
uµuν ≥ 0

⇒ −Rµνuµuν ≤ 0 (3.16)

Putting these together, along with −σαβσαβ ≤ 0, the differential equation be-
comes

dθ

dτ
≤ −1

3
θ2

⇒ 1

θ
− 1

θ0
≥ ∆τ

3

⇒ θ ≤ θ0

1 + ∆τθ0/3
(3.17)

Now if the initial θ0 < 0, then the RHS of the expression blows up as ∆τ → − 3
θ0

,
diverging so that θ → −∞.
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Problem 4

Part (a)

We write the modified Einstein field equation as

8πTµν = Rµν − agµνR

= Rµν −
1

2
gµνR+

(
1

2
− a

)
gµνR

= Gµν +

(
1

2
− a

)
gµνR. (4.1)

Raising the indices yields

8πTµν = Gµν +

(
1

2
− a

)
gµνR. (4.2)

Taking the divergence of the above equation gives

8πTµν;ν = Gµν;ν +

(
1

2
− a

)
(gµν;νR+ gµνR,ν)

=

(
1

2
− a

)
R,µ, (4.3)

since Gµν;ν = gµν;ν = 0. On the other hand, if we contract the modified field
equations (4.1), we get

8πT νν = Rνν − agννR
⇔ 8πT = R− 4aR = (1− 4a)R, (4.4)

and differentiating yields

8πT ,µ = (1− 4a)R,µ. (4.5)

Combining the above gives

R,µ =
8πTµν;ν
1/2− a

=
8πT ,µ

1− 4a

⇔ Tµν;ν =
1/2− a
1− 4a

T ,µ = κT ,µ, (4.6)

where κ = (1/2− a)/(1− 4a). The above is the equation of motion for Tµν .
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Part (b)

For a perfect fluid with density ρ and negligible pressure the stress-energy tensor
is

Tµν = ρuµuν . (4.7)

Thus in the Newtonian limit, the µ = 0 component of (4.6) is

T 0ν
;ν = κT ,0

⇔ (ρu0uν),ν = κT ,0, (4.8)

because covariant derivatives become ordinary partial derivatives in the Newto-
nian limit. Note that

T = T νν = ρuνuν = −ρ, (4.9)

since uν is a 4-velocity and so uνuν = −1. Recall that uν = γ(1,
˜
v), and

γ = (1−v2)−1/2 ≈ 1, because we are in the Newtonian limit and so v2 � 1 = c2.
Thus u0 = 1 and using the Minkowski metric (4.8) becomes

κ(−∂t)(−ρ) = ∂tρ+ ρu0u0
,0 + (ρui),i

⇔ κ
∂ρ

∂t
=
∂ρ

∂t
+ 0 +∇ · (ρ

˜
v). (4.10)

The non-relativist Euler equation (mass conservation) states that

∂ρ

∂t
+∇ · (ρ

˜
v) = 0, (4.11)

and so it follows that κ = 0, which implies that a = 1/2, because κ = (1/2 −
a)/(1− 4a).

Problem 5

Let Newtonian tarjectory be xj = xj(t, n) where n tells which trajectory under
consideration. Then

˜
n =

∂

∂n
=
∂xk

∂n

∂

∂xk
= nk

∂

∂xk
(5.1)
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which is a connecting vector between neighboring trajectories. The relative
acceleration of the neighboring trajectories is then

∂2nj

∂t2
=
∂2

∂t2

(
∂xj

∂n

)
=
∂

∂n

(
∂2xj

∂t2

)
=
∂

∂n

(
− ∂Φ

∂xj

)
=− nk ∂

∂xk

(
∂Φ

∂xj

)
=− nk ∂2Φ

∂xk∂xj
(5.2)

where the equation of motion is ∂2xj

∂t2 = ∂Φ
∂xj for some Newtonian gravitational

potential. Now the geodesic deviation equation is

D2nα

dτ2
= Rαβγδu

βuγnδ = −Rαβδγuβuγnδ (5.3)

Now, in the Newtonian limit, velocities and the curvature is small so expand
quanitities in terms of small parameter ε � 1. This means u0 = 1 + O(ε),
uj = O(ε) and Γαβγ = O(ε2). Also, ~n which connects events of equal proper
time now connect events of equal coordinate time, up to order O(ε). Then

D

∂τ
=

∂

∂t
+O(ε) (5.4)

and therefore, when combined with equation (5.2), this becomes

∂2nj

∂t2
= −Rj0k0n

k +O(ε) = −nk ∂2Φ

∂xk∂xj

⇒ Rj0k0 =
∂2Φ

∂xk∂xj
(5.5)

in the Newtonian limit. Note, unless the velocities involved approach c, the
other components of Rαβδγ don’t enter into the equation of relative motion of
test particles.
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