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Problem 1

Part (a)

The metric is

gij =

[
r2 0
0 r2 sin2 θ

]
. (1.1)

Since (~eθ, ~eφ) is a coordinate basis, the connection coefficients are given by

Γijk =
1

2
gil(gjl,k + glk,j − gjk,l). (1.2)

We use the same Mathematica code as in Homework 5 to do all the tedious
calculations.

x = {t, p}

g = {{r^2, 0}, {0, r^2 Sin[t]^2}}

gInv = Inverse[g]

ConCoef[i_, j_, k_] := 1/2 Sum[gInv[[i, l]](D[g[[j, l]], x[[k]]]

+ D[g[[l, k]], x[[j]]] - D[g[[j, k]], x[[l]]]), {l, 1, 2}]

Table[ConCoef[1, j, k], {j, 1, 2}, {k, 1, 2}] // MatrixForm

Table[ConCoef[2, j, k], {j, 1, 2}, {k, 1, 2}] // MatrixForm

We find that the only non-zero connection coefficients are

Γθφφ = − sin θ cos θ,

Γφθφ = Γφφθ = cot θ. (1.3)

Part (b)

Recall that for a curve γi(λ) = (θ(λ), φ(λ)) the geodesic equation is

0 =
d2γi

dλ2
+ Γijk

dγj

dλ

dγk

dλ
. (1.4)

So we get

0 = θ′′ − sin θ cos θ (φ′)2, (1.5)

0 = φ′′ + 2 cot θ θ′φ′. (1.6)

Note that we can rewrite (1.6) as

0 = φ′′ + 2
cos θ

sin θ
θ′φ′

⇔ 0 = φ′′ sin2 θ + 2 sin θ cos θ θ′φ′

⇔ 0 =
d

dλ

(
φ′ sin2 θ

)
. (1.7)
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Thus we have that

φ′ sin2 θ = k1 = const (1.8)

along the entire curve. Note that rotating the sphere in the 3-dimensional space
in which it is embedded corresponds to adding constants to θ and φ. Thus if
θ(λ = 0) = θ0, we can rotate the sphere so that θ0 = 0. This means that k1 = 0
at λ = 0 and since k1 is constant we have k1 = 0 along the entire curve. Thus
we must have that either θ = 0, π or φ′ = 0 along the curve. But if θ = 0, π then
the curve would just consist of the north or south pole, which are not connected.
Thus we have that φ′ = 0 and so φ(λ) = φ0 is constant. Hence (1.2) reduces
to θ′′ = 0 and so θ(λ) = k2λ, because we have θ(0) = 0. Hence, in the rotated
coordinate system, the geodesic is

γi(λ) = (k2λ, φ0), (1.9)

which is a great circle passing through the north and south poles. Since rotating
the coordinate system preserves great circles, it follows that all geodesics on the
sphere are great circles.

Part (c)

Since we are in a coordinate basis, the Riemann tensor is given by

Rαβγδ = Γαβδ,γ − Γαβγ,δ + ΓαµγΓµβδ − ΓανδΓ
ν
βγ . (1.10)

Thus we use the following Mathematica code to evaluate all components of the
Riemann tensor.

Riemann[i_, j_, k_, l_] := D[ConCoef[i, j, l], x[[k]]]

- D[ConCoef[i, j, k], x[[l]]]

+ Sum[ConCoef[i, d, k] ConCoef[d, j, l], {d, 1, 2}]

- Sum[ConCoef[i, d, l] ConCoef[d, j, k], {d, 1, 2}]

Table[Riemann[1, 1, k, l], {k, 1, 2}, {l, 1, 2}] // MatrixForm

Table[Riemann[1, 2, k, l], {k, 1, 2}, {l, 1, 2}] // MatrixForm

Table[Riemann[2, 1, k, l], {k, 1, 2}, {l, 1, 2}] // MatrixForm

Table[Riemann[2, 2, k, l], {k, 1, 2}, {l, 1, 2}] // MatrixForm

We find that the only non-zero components of the Riemann tensor are

Rθφθφ = sin2 θ,

Rθφφθ = − sin2 θ,

Rφθθφ = −1,

Rφθφθ = 1. (1.11)
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Problem 2

Part (a)

On Homework 5 we found that the geodesic equation for one-forms is

0 =
duα
dλ
− Γµανuµu

ν , (2.1)

so we get

dpα
dλ

= Γµανpµp
ν . (2.2)

Part (b)

The metric is

gµν =


−(1− 2M/r) 0 0 0

0 1 + 2M/r 0 0
0 0 1 + 2M/r 0
0 0 0 1 + 2M/r

 , (2.3)

where r =
√
x2 + y2 + z2. Since we are in a coordinate basis, the connection

coefficients are given by

Γαβγ =
1

2
gαµ(gβµ,γ + gµγ,β − gβγ,µ), (2.4)

and so

Γµ0ν =
1

2
gµλ(g0λ,ν + gλν,0 − g0ν,λ) =

1

2
(gµ0g00,ν + 0− gµλg0ν,λ). (2.5)

Case µ = i and ν = j: Both terms in (2.5) vanish and we have Γi0j = 0.

Case µ = i and ν = 0: The first term in (2.5) vanishes and we get

Γi00 = −1

2
giλg00,λ. (2.6)

Case µ = 0 and ν = j: The second term in (2.5) vanishes and we get

Γ0
0j =

1

2
g00g00,j . (2.7)

Case µ = 0 and ν = 0: Both terms vanish because the metric is independent
of t, hence Γ0

00 = 0.
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Now we find

dp0
dλ

= Γµ0νpµp
ν = Γ0

00p0p
0 + Γi00pip

0 + Γ0
0jp0p

j + Γi0jpip
j

= 0− 1

2
giλg00,λpip

0 +
1

2
g00g00,jp0p

j + 0

=
1

2

(
−g00,λpλp0 + g00,jp

jp0
)

= 0, (2.8)

since g00,0 = 0 and so the sum over λ = 1, 2, 3, 4 can be replaced with a sum over
k = 1, 2, 3, just like the sum over j. And we also used p0 = g0λpλ = g00p0.

Part (c)

We have p0 = g0λpλ = g00p0, hence

p0 = − p0
1− 2M/r

, (2.9)

which is not constant in general, because r can vary.

Part (d)

The 4-velocity is defined as

uαe =
dxα

dτ
. (2.10)

But since the atom is at rest, we have dxi/dτ = 0 and so uαe = (u0e, 0, 0, 0). The
normalization condition is uαe (ue)α = −1, so we have

− 1 = uαe (ue)α = gαβu
α
e u

β
e = −(1− 2M/R)(u0e)

2

⇔ u0e =
1√

1− 2M/R
, (2.11)

where R is the radius of the sun.

Part (e)

In the rest frame of the emitting atom, we have E = −~p · ~ue = ~c/λe. But
E = −~p · ~ue is a scalar and so it is invariant. In the rest frame of the sun, we
found in part (d) that ~ue = ((1− 2M/R)−1/2, 0, 0, 0) and so at r = R

−~p · ~ue = gαβp
αuβe = g00p

0u0e

= −
(

1− 2M

R

)(
− p0

1− 2M/R

)
1√

1− 2M/R

=
p0√

1− 2M/R
, (2.12)
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hence

~c
λe

=
p0√

1− 2M/R
, (2.13)

where p0 is measured in the rest frame of the sun. We found in part (b)
that p0 does not change along the photon’s worldline, therefore p0(r = R) =
p0(r →∞) = p0 in the sun’s rest frame.

Now consider an observer at rest at r → ∞. Going through the same
math as in part (d), we see that u0r = 1 in the sun’s rest frame. We have
E = −~p · ~ur = ~c/λr and evaluating this in the sun’s rest frame gives

−~p · ~ur = gαβp
αuβr = g00p

0u0r

= − (1− 0)

(
− p0

1− 0

)
(1) = p0, (2.14)

so

~c
λr

= p0. (2.15)

Combining the above with (2.13) yields

~c
λe

=
~c/λr√

1− 2M/R

⇔ λr =
λe√

1− 2M/R
. (2.16)

Thus we find

z =
λr − λe
λe

=
(1− 2M/R)−1/2λe − λe

λe
=

(
1− 2M

R

)−1/2
− 1. (2.17)

Restoring factors of c and G, we find that

2M

R
=

2M�G

R�c2
∼ 4.24× 10−6, (2.18)

since this is a small number, we can expand z above as follows

z =

(
1− 2M

R

)−1/2
− 1 = 1−

(
−1

2

)
2M

R
+O

((
M

R

)2
)
− 1

=
M

R
+O

((
M

R

)2
)
, (2.19)

which is the desired result.
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Problem 3

Consider the quantity Tαβ wαv
β which is a scalar since it is the inner product

of a tensor with a 1-form and vector. The second covariant derivative of this
quantity is not zero, but it is independent of the order of differentiation,

(Tαβ wαv
β);µν = (Tαβ wαv

β);νµ. (3.1)

Then

0 =(Tαβ wαv
β);µν − (Tαβ wαv

β);νµ

=Tαβ;µν wαv
β + Tαβ wα;µνv

β + Tαβ wαv
β
;µν

− Tαβ;νµwαvβ − Tαβ wα;νµvβ − Tαβ wαvβ;νµ
=(Tαβ;µν − Tαβ;νµ )wαv

β + Tαβ (wα;µν − wα;νµ)vβ + Tαβ wα(vβ;µν − vβ;νµ)

=(Tαβ;µν − Tαβ;νµ )wαv
β + Tαβ (−Rλανµwλ)vβ + Tαβ wα(Rβλνµv

λ) (3.2)

Relabeling the indices above, and moving the covariant derivatives of Tαβ to
the other side, then we get

(Tαβ;µν − Tαβ;νµ )wαv
β =(TλβR

α
λνµ − TαλRαβνµ)wαv

β

⇒ Tαβ;µν − Tαβ;νµ =RαλνµT
λ
β −RαβνµTαλ (3.3)

Problem 4

Part (a)

Now we are given that ∇~u~eα = −~eβΩβα, where Ωβα = aβuα−uβaα+uλwρε
λρβα

as well as that ~u = ~e0. We also know that ∇~eβ~eα = Γλαβ~eλ. Now consider

Γβα0~eβ = ∇~e0~eα = ∇~u~eα = −~eβΩβα

⇒ Γβα0 = −Ωβα = −aβuα + uβaα − uλwρε β
λρ α (4.1)

Now, because we know that ~u = ~e0, we can say that ui = ui = 0, u0 = −u0 = 1
for i = 1, 2, 3 the spatial components. This implies that u0ε β

0ρ α ⇒ ε i
0k j is

nonzero for i, j, k all spatial and unique. Now choosing α and β, we can get
some for the connection coefficients:

Γi00 =ai Γ0
00 = 0

Γ0
i0 =ai Γij0 = −wkε i

0k j (4.2)
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Part (b)

We are given a spatial geodesic curve parameterized by x0 = τ and xi = sni

where τ is the proper time and s is the proper distance. Now the geodesic
equation is

d2xα

ds2
+ Γαβγ

dxβ

ds

dxγ

ds
= 0 (4.3)

However, given the curves above, dxi

ds = ni and dx0

ds = 0 so d2xα

ds2 = 0. Also,
n0 = 0 because ~n is spatial (meaning nαuα = 0). Then the geodesic equation is

0 = 0 + Γαβγ
dxβ

ds

dxγ

ds
= Γαjkn

jnk

⇒ Γijk = Γ0
jk = 0 (4.4)

Part (c)

Let the 3-velocity be given by
˜
v =

(
dxi/dx0

)
~ei. Now the geodesic equation for

a freely falling particle is

d2xα

dλ2
+ Γαβγ

dxβ

dλ

dxγ

dλ
= 0 (4.5)

Break up the equation into the temporal component (α = 0) and the spatial
components (α = i, i = 1, 2, 3) and use the results for the connection coefficients
found above.

d2x0

dλ2
=− (Γ0

j0 + Γ0
0j)

dx0

dλ

dxj

dλ

=− 2aj
dx0

dλ

dxj

dλ

=− 2aj
dxj

dx0

(
dx0

dλ

)2

d2x0

dλ2
=− 2(

˜
a ·

˜
v)

(
dx0

dλ

)2

(4.6)

And then also

d2xi

dλ2
=− Γi00

(
dx0

dλ

)2

− (Γik0 + Γi0k)
dxk

dλ

dx0

dλ

=− ai
(
dx0

dλ

)2

+ 2wjε i
0j k

dxk

dλ

dx0

dλ

=− ai
(
dx0

dλ

)2

−
(

˜
w × d

˜
x

dλ

)i
dx0

dλ

d2xi

dλ2
=(−ai − 2(

˜
w ×

˜
vi))

(
dx0

dλ

)2

(4.7)
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Now look at the derivatives of xi with respect to x0. We know that dxi

dx0 =

(dx
i

dλ )/(dx
0

dλ ) and since d
dτ = d

dx0 , then we can write

d2xi

dτ2
=

(
d

dx0

)2

xi =
1
dx0

dλ

d

dλ

(
(
dxi

dλ
)

/
(
dx0

dλ
)

)

=

(
d2xi

dλ2

/(
dx0

dλ

)2
)
−

(
dxi

dλ

d2x0

dλ2

/(
dx0

dλ

)3
)

=

(
d2xi

dλ2
− vi d

2x0

dλ2

)/(
dx0

dλ

)2

(4.8)

Substituting in the expressions above for d2xi

dλ2 and d2x0

dλ2 and contracting with ~ei,
the expression becomes

d2xi

dτ2
~ei = −

˜
a− 2(

˜
w ×

˜
v) + 2

˜
v(

˜
a ·

˜
v) (4.9)

Problem 5

Part (a)

From class, the equation of geodesic deviation in general is

D2xα

dt
= Rαβγδu

βuγxδ (5.1)

Since we are in a local Lorentz frame comoving with the center of mass, the 4-
velocity is ~u = (1, 0, 0, 0) and in this case xα is purely spatial so can be written
as xi. So then the equation becomes

d2xj

dt2
= Rj00kx

k = −Rj0k0x
k (5.2)

Part (b)

Torque is a length crossed with a force and force is mass times acceleration.

Let f j = ρd
2xj

dt2 = −ρRj0k0xk be the force per unit volume with density ρ. The
torque is then

τi =

∫
εiljx

lf jd3x = −εilj
∫
xlρRj0k0x

kd3x = −εiljRj0k0
∫
ρxlxkd3x (5.3)
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where the fact that R is nearly constant was used to take it out of the integral.
Now to get the quadrupole tensor, consider the quantity δlkεiljR

j
0k0 which is

the same as εi
kjRj0k0:

εi
kjRj0k0 = −εijkRj0k0 = −εijkRk0j0 = −εkji Rj0k = 0 (5.4)

where the indices were relabeled in the last step. This means that any term
that has the form of δlkεiljR

j
0k0 can be added to Eq. (5.3) without changing its

value.

τi =− εiljRj0k0
∫
ρxlxkd3x+ εiljR

j
0k0

∫
ρ

1

3
r2δlkd3x

=− εiljRj0k0
∫
ρ(xlxk − 1

3
r2δlk)d3x

=− εiljRj0k0t
lk (5.5)

where tlk =
∫
ρ(xlxk − 1

3r
2δlk)d3x.

Part (c)

Torque is the change of angular momentum with time so in the local Lorentz
frame dSi/dt = −εiljR

j
0k0t

lk. Define the spin vector Sµ such that there are only
spatial components governed by the equation above. Since uµ is the 4-velocity
of the center of mass, Sµuµ = 0. Define tαβ similarly so then tαβuβ = 0. Now

ui = 0 and u0 = 1 in the LLF, so we can write in this frame Rj0k0 = Rjσkλu
σuλ.

Similarly, in the LLF,

εijk = ε0ijk = uµεµijk, (5.6)

so

dSi

dt
= −εiljR

j
0k0t

lk = −uµεµiljRj0k0t
lk

= −uµεµiljRj0k0tlk

= −uµεµiβαRα0η0tβη

= −uµεµiβαRαλησuλuσtβη

= uµε
iβαµRαλησu

λuσtβ
η

= uµε
iβαµRησαλu

λuσtβ
η

= εiβαµuµu
λuσtβηR

η
σαλ, (5.7)

where on the 3rd line we have used tαβuβ = 0 (i.e. t with any zero index is
zero) and the antisymmetry of Riemann to write 3-d sums as 4-d sums, and on
the 4th line we have used Rj0k0 = Rjσkλu

σuλ.
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In the LLF, dSi/dt is the same as DSi/dτ . Because S0 = 0 and ε0βαµuµ = 0,
we can change the i index to a 4-d µ index, and write

DSν

dτ
= ενβαµuµu

σuλtβηR
η
σαλ. (5.8)

We have now constructed a tensor equation, so even though we derived this
equation in the LLF, it is true in all frames.
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