
Physics 236a assignment, Week 5:
(October 29, 2015. Due on November 5, 2015)

1. Spherical polar coordinates yet again [20 points]

Consider 3-dimensional Euclidean space. In Cartesian coordi-
nates (x, y, z) the metric is gij = δij. We define the usual spher-
ical coordinates by

x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ. (1)

(a) In an earlier assignment, you computed the metric compo-
nents in the coordinate basis (~er, ~eθ, ~eφ). Now compute all
the connection coefficients Γijk associated with the coordi-
nate basis (~er, ~eθ, ~eφ).

(b) Compute all the connection coefficients Γı̂̂k̂ associated with
the orthonormal basis

~er̂ =
∂

∂r
, ~eθ̂ =

1

r

∂

∂θ
, ~eφ̂ =

1

r sin θ

∂

∂φ
. (2)

(c) For an arbitrary vector ~A, we define the divergence of ~A as

divA = ∇kA
k = Ak

;k. (3)

Show that the divergence of ~A in Cartesian coordinates is
just ∂kA

k. Compute the divergence of ~A in the coordinate
basis (~er, ~eθ, ~eφ), (i.e. in terms of partial derivatives of Ai,
where i is (r, θ, φ), along r, θ, φ directions.) Compute the

divergence of ~A in the orthonormal basis (~er̂, ~eθ̂, ~eφ̂), (i.e. in

terms of partial derivatives of Aı̂, where ı̂ is (r̂, θ̂, φ̂), along
r, θ, φ directions.)
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(d) Just like we did in 4-d space, we define the 3-dimensional
Levi-Civita tensor to be totally antisymmetric, and we set
the sign convention so that

ε123 = +
√

det g, (4)

where g is the 3-dimensional metric. What are the compo-
nents of εijk in the coordinate basis (~er, ~eθ, ~eφ)?

(e) We define the curl of a vector as

(curlA)i = εijk∇jAk = εijkAk;j. (5)

What is the curl of ~A in terms of ~A’s components in the
coordinate basis (~er, ~eθ, ~eφ)? What is the curl of ~A in terms

of ~A’s components in the orthornormal basis (~er̂, ~eθ̂, ~eφ̂)?

2. Index gymnastics [20 points] Prove the following identities:

(a) gαβ,γ = −Γαµγg
µβ − Γβµγg

µα

(b) Γααβ = (log((−g)1/2)),β in a coordinate basis. (Hint: use
the identity g,α = ggµνgµν,α from the previous homework
set).

(c) gµνΓαµν = −(−g)−1/2(gαβ(−g)1/2),β in a coordinate basis.

(d) Aα
;α = (−g)−1/2((−g)1/2Aα),α in a coordinate basis.

(e) εαβγδ;µ = 0

3. Parallel transport of 1-forms [10 points]

The geodesic equation ∇~u~u = 0 written in components takes the
form

duµ

dλ
+ Γµαβu

αuβ = 0. (6)
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(a) Suppose ũ is a 1-form. Write out in components the equa-
tion ∇~uũ = 0, i.e. the parallel transport equation for the
one-form ũ along the vector ~u.

(b) If ũ is the one-form corresponding to the vector ~u, show that
your answer in part 3a is consistent with Eq. (6).

4. Properties of Geodesics [10 points]

(a) Show that if a geodesic is timelike at one point, it is timelike
everywhere, and similarly for spacelike and null geodesics.

(b) Consider a curve parameterized by its proper length s (not
an arbitrary parameter). Let y = gαβẋ

αẋβ, where xµ are
coordinates, and the dot means d/ds. We saw in class that
the geodesic equation is equivalent to the condition that

δ

∫
y1/2 ds = 0. (7)

Show that

δ

∫
F (y) ds = 0 (8)

gives the same geodesics as Eq. (7), for any monotonic func-
tion F (y).

5. Covariant derivative practice via chain rule [10 points]

Let Sαβγ and Mβ
γ be components of tensors. Then SαβγMβ

γ are
the components of a vector. The chain rule for the divergence of
this vector is

(SαβγMβ
γ);α = Sαβγ;αMβ

γ + SαβγMβ
γ
;α. (9)

Verify that the chain rule holds by expanding the left and the
right sides in terms of directional derivatives and connection co-
efficients, and showing that both sides are equal.
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