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Overview

¥Why semi-analytic methods?

- Much faster than NR simulations

- Provide physical intuitions/interpretations

¥Treating BHs as two point particles

- three stages of the coalescence

- Post-Newtonian expansion

- Black-hole perturbation theory

¥Effect of spins
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Three Stages of Binary Black Hole Coalescence
3

two nearly point particles 
encircling each other

“Post-Newtonian
Expansion”

the Þnal black hole 
settles down

Black-Hole
Perturbation Theory
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FIG. 11: Final waveform, extrapolated to inÞnity. The top pa nels show the real part of ! 22
4 with a linear y-axis, the bottom

panels with a logarithmic y-axis. The right panels show an en largement of merger and ringdown.

alternative approach to gauge conditions for the general-
ized harmonic system [77] is in progress, and promises to
be more robust.

We compute the spin of the Þnal black hole with three
distinct diagnostics, one based on approximate rotational
Killing vectors, the others based on the minimum and
maximum of the scalar curvature of the apparent horizon
(χAKV, χmin

SC , and χmax
SC in the language of Appendices A

and B of [55]). We Þnd that these diagnostics agree to an
exquisite degree. Since these diagnostics coincide exactly
for a Kerr black hole, this suggests that the Þnal state
is indeed a Kerr black hole. The uncertainty of the Þnal
spin quoted in Sec.II E is due to numerical truncation
error, (i.e. di! erences between resolutions 30c1/N5 and
30c1/N6), rather than due to di ! erences between spin
diagnostics, and we ÞndSf /M 2

f = 0 .68646± 0.00004,
and M f = (0 .95162± 0.00002)M .

The physical waveform at inÞnity produced by any nu-
merical relativity code should of course be independent
of the coordinates used during the simulation. However,
in practice it is di " cult to remove coordinate e! ects from
the waveform for several reasons. First, waveforms are
typically extracted on coordinate spheres (not geomet-
ric spheres) of Þnite radius as functions of coordinate
time (which may not agree with proper time at inÞn-
ity). Second, the extracted waveform on a given sphere
is typically expanded in spin-weighted spherical harmon-

ics sY! m (θ,φ) using the θ and φ coordinates from the
simulation rather than some geometrically deÞnedθ and
φ coordinates. Finally, standard formulae equating # 4

with the asymptotic radiation Þeld assume that # 4 is
computed at inÞnity. Such gauge ambiguities can be sig-
niÞcant for the accuracy of waveforms from numerical
simulations [87, 88, 89]. Indeed, if we choose a deliber-
ately ÒbadÓ gauge just after merger by omitting the fac-
tor e−r ′′2 / " 2

3 in the function f (x, t ) [cf. Equation (30)],
we Þnd that the lapse function oscillates in time even
at large distances, and that the resulting waveform ex-
tracted at a Þnite radius di! ers by more than a radian
in phase from the waveform presented here. We defer
further discussion of gauge e! ects on the waveform to a
future paper.

We have also shown that extrapolation of waveforms to
inÞnity is crucial: waveforms extracted at a Þnite radius
di! er (particularly in phase) from waveforms extrapo-
lated to inÞnity by far more than the numerical errors,
as shown in Fig.10. Although it is likely that the need for
extrapolation may be somewhat reduced by more sophis-
ticated algorithms for wave extraction at Þnite radius, it
appears that most of the di! erence between waveforms
that have and have not been extrapolated to inÞnity is
due to physics (in the form of near-zone e! ects) rather
than to gauge and tetrad ambiguities [86].

We are currently extending our methods to binary
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ÒPost-Newtonian ExpansionÓ

¥In stage (a), treat the two black holes as two point particles

- derive equations of motion [requires regularization]
- compute gravitational wave forms

- add Òextended-object correctionsÓ, e.g., spins, quadrupole moments, horizon

5
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EinsteinÕs Equation
6

16 Luc Blanchet

Part A: Post-Newtonian Sources

2 EinsteinÕs Field Equations

The Þeld equations of general relativity form a system of ten second-order partial di! erential
equations obeyed by the space-time metricg!" ,

G!" [g,! g,! 2g] =
8" G
c4 T !" [g], (9)

where the Einstein curvature tensorG!" ! R!" " 1
2 R g!" is generated, through the gravitational

coupling # = 8 " G/c 4, by the matter stress-energy tensorT !" . Among these ten equations, four
govern, via the contracted Bianchi identity, the evolution of the matter system,

# µ G! µ ! 0 =$ # µ T ! µ = 0 . (10)

The space-time geometry is constrained by the six remaining equations, which place six independent
constraints on the ten components of the metricg!" , leaving four of them to be Þxed by a choice
of a coordinate system.

In most of this paper we adopt the conditions of harmonic, or de Donder, coordinates. We
deÞne, as a basic variable, the gravitational-Þeld amplitude

h!" =
%

" g g!" " $!" , (11)

whereg!" denotes the contravariant metric (satisfying g! µ gµ" = %!
" ), where g is the determinant of

the covariant metric, g = det( g!" ), and where$!" represents an auxiliary Minkowskian metric. The
harmonic-coordinate condition, which accounts exactly for the four equations (10) corresponding
to the conservation of the matter tensor, reads

! µ h! µ = 0 . (12)

Equations (11, 12) introduce into the deÞnition of our coordinate system a preferred Minkowskian
structure, with Minkowski metric $!" . Of course, this is not contrary to the spirit of general rel-
ativity, where there is only one physical metric g!" without any ßat prior geometry, because the
coordinates are not governed by geometry (so to speak), but rather are chosen by researchers when
studying physical phenomena and doing experiments. Actually, the coordinate condition (12) is
especially useful when we view the gravitational waves as perturbations of space-time propagating
on the Þxed Minkowskian manifold with the background metric $!" . This view is perfectly legiti-
mate and represents a fruitful and rigorous way to think of the problem when using approximation
methods. Indeed, the metric$!" , originally introduced in the coordinate condition ( 12), does exist
at any Þnite order of approximation (neglecting higher-order terms), and plays in a sense the role
of some ÒpriorÓ ßat geometry.

The Einstein Þeld equations in harmonic coordinates can be written in the form of inhomoge-
neous ßat dÕAlembertian equations,

! h!" =
16" G

c4 &!" , (13)

where ! ! ! # = $µ$ ! µ ! $ . The source term &!" can rightly be interpreted as the stress-energy
pseudo-tensor (actually,&!" is a Lorentz tensor) of the matter Þelds, described byT!" , and the
gravitational Þeld, given by the gravitational source term " !" , i.e.

&!" = |g|T !" +
c4

16" G
" !" . (14)
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Perturbation near Flat Spacetime
7
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Part A: Post-Newtonian Sources

2 EinsteinÕs Field Equations

The Þeld equations of general relativity form a system of ten second-order partial di! erential
equations obeyed by the space-time metricg!" ,

G!" [g,! g,! 2g] =
8" G
c4 T !" [g], (9)

where the Einstein curvature tensorG!" ! R!" " 1
2 R g!" is generated, through the gravitational

coupling # = 8 " G/c 4, by the matter stress-energy tensorT !" . Among these ten equations, four
govern, via the contracted Bianchi identity, the evolution of the matter system,

# µ G! µ ! 0 =$ # µ T ! µ = 0 . (10)

The space-time geometry is constrained by the six remaining equations, which place six independent
constraints on the ten components of the metricg!" , leaving four of them to be Þxed by a choice
of a coordinate system.

In most of this paper we adopt the conditions of harmonic, or de Donder, coordinates. We
deÞne, as a basic variable, the gravitational-Þeld amplitude

h!" =
%

" g g!" " $!" , (11)

whereg!" denotes the contravariant metric (satisfying g! µ gµ" = %!
" ), where g is the determinant of

the covariant metric, g = det( g!" ), and where$!" represents an auxiliary Minkowskian metric. The
harmonic-coordinate condition, which accounts exactly for the four equations (10) corresponding
to the conservation of the matter tensor, reads

! µ h! µ = 0 . (12)

Equations (11, 12) introduce into the deÞnition of our coordinate system a preferred Minkowskian
structure, with Minkowski metric $!" . Of course, this is not contrary to the spirit of general rel-
ativity, where there is only one physical metric g!" without any ßat prior geometry, because the
coordinates are not governed by geometry (so to speak), but rather are chosen by researchers when
studying physical phenomena and doing experiments. Actually, the coordinate condition (12) is
especially useful when we view the gravitational waves as perturbations of space-time propagating
on the Þxed Minkowskian manifold with the background metric $!" . This view is perfectly legiti-
mate and represents a fruitful and rigorous way to think of the problem when using approximation
methods. Indeed, the metric$!" , originally introduced in the coordinate condition ( 12), does exist
at any finite order of approximation (neglecting higher-order terms), and plays in a sense the role
of some ÒpriorÓ ßat geometry.

The Einstein Þeld equations in harmonic coordinates can be written in the form of inhomoge-
neous ßat dÕAlembertian equations,

! h!" =
16" G

c4 &!" , (13)

where ! ! ! # = $µ$ ! µ ! $ . The source term &!" can rightly be interpreted as the stress-energy
pseudo-tensor (actually,&!" is a Lorentz tensor) of the matter Þelds, described byT!" , and the
gravitational Þeld, given by the gravitational source term " !" , i.e.

&!" = |g|T !" +
c4

16" G
" !" . (14)
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Part A: Post-Newtonian Sources

2 EinsteinÕs Field Equations

The Þeld equations of general relativity form a system of ten second-order partial di! erential
equations obeyed by the space-time metricg!" ,

G!" [g,! g,! 2g] =
8" G
c4 T !" [g], (9)

where the Einstein curvature tensorG!" ! R!" " 1
2 R g!" is generated, through the gravitational

coupling # = 8 " G/c 4, by the matter stress-energy tensorT !" . Among these ten equations, four
govern, via the contracted Bianchi identity, the evolution of the matter system,

# µ G! µ ! 0 =$ # µ T ! µ = 0 . (10)

The space-time geometry is constrained by the six remaining equations, which place six independent
constraints on the ten components of the metricg!" , leaving four of them to be Þxed by a choice
of a coordinate system.

In most of this paper we adopt the conditions of harmonic, or de Donder, coordinates. We
deÞne, as a basic variable, the gravitational-Þeld amplitude

h!" =
%

" g g!" " $!" , (11)

whereg!" denotes the contravariant metric (satisfying g! µ gµ" = %!
" ), where g is the determinant of

the covariant metric, g = det( g!" ), and where$!" represents an auxiliary Minkowskian metric. The
harmonic-coordinate condition, which accounts exactly for the four equations (10) corresponding
to the conservation of the matter tensor, reads

! µ h! µ = 0 . (12)

Equations (11, 12) introduce into the deÞnition of our coordinate system a preferred Minkowskian
structure, with Minkowski metric $!" . Of course, this is not contrary to the spirit of general rel-
ativity, where there is only one physical metric g!" without any ßat prior geometry, because the
coordinates are not governed by geometry (so to speak), but rather are chosen by researchers when
studying physical phenomena and doing experiments. Actually, the coordinate condition (12) is
especially useful when we view the gravitational waves as perturbations of space-time propagating
on the Þxed Minkowskian manifold with the background metric $!" . This view is perfectly legiti-
mate and represents a fruitful and rigorous way to think of the problem when using approximation
methods. Indeed, the metric$!" , originally introduced in the coordinate condition ( 12), does exist
at any Þnite order of approximation (neglecting higher-order terms), and plays in a sense the role
of some ÒpriorÓ ßat geometry.

The Einstein Þeld equations in harmonic coordinates can be written in the form of inhomoge-
neous ßat dÕAlembertian equations,

! h!" =
16" G

c4 &!" , (13)

where ! ! ! # = $µ$ ! µ ! $ . The source term &!" can rightly be interpreted as the stress-energy
pseudo-tensor (actually,&!" is a Lorentz tensor) of the matter Þelds, described byT!" , and the
gravitational Þeld, given by the gravitational source term " !" , i.e.

&!" = |g|T !" +
c4

16" G
" !" . (14)
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Part A: Post-Newtonian Sources

2 EinsteinÕs Field Equations

The field equations of general relativity form a system of ten second-order partial di! erential
equations obeyed by the space-time metric g!" ,

G!" [g,! g,! 2g] =
8" G
c4

T!" [g], (9)

where the Einstein curvature tensor G!" ⌘ R!" � 1
2R g!" is generated, through the gravitational

coupling # = 8" G/c 4, by the matter stress-energy tensor T!" . Among these ten equations, four
govern, via the contracted Bianchi identity, the evolution of the matter system,

rµ G! µ ⌘ 0 =) rµ T ! µ = 0. (10)

The space-time geometry is constrained by the six remaining equations, which place six independent
constraints on the ten components of the metric g!" , leaving four of them to be fixed by a choice
of a coordinate system.

In most of this paper we adopt the conditions of harmonic, or de Donder, coordinates. We
define, as a basic variable, the gravitational-field amplitude

h!" =
p
�g g!" � $!" , (11)

where g!" denotes the contravariant metric (satisfying g! µ gµ" = %!
" ), where g is the determinant of

the covariant metric, g = det(g!" ), and where $!" represents an auxiliary Minkowskian metric. The
harmonic-coordinate condition, which accounts exactly for the four equations (10) corresponding
to the conservation of the matter tensor, reads

! µ h! µ = 0. (12)

Equations (11, 12) introduce into the definition of our coordinate system a preferred Minkowskian
structure, with Minkowski metric $!" . Of course, this is not contrary to the spirit of general rel-
ativity, where there is only one physical metric g!" without any flat prior geometry, because the
coordinates are not governed by geometry (so to speak), but rather are chosen by researchers when
studying physical phenomena and doing experiments. Actually, the coordinate condition (12) is
especially useful when we view the gravitational waves as perturbations of space-time propagating
on the fixed Minkowskian manifold with the background metric $!" . This view is perfectly legiti-
mate and represents a fruitful and rigorous way to think of the problem when using approximation
methods. Indeed, the metric $!" , originally introduced in the coordinate condition (12), does exist
at any Þnite order of approximation (neglecting higher-order terms), and plays in a sense the role
of some “prior” flat geometry.

The Einstein field equations in harmonic coordinates can be written in the form of inhomoge-
neous flat d’Alembertian equations,

! h!" =
16" G

c4
&!" , (13)

where ! ⌘ ! # = $µ$ ! µ ! $ . The source term &!" can rightly be interpreted as the stress-energy
pseudo-tensor (actually, &!" is a Lorentz tensor) of the matter fields, described by T!" , and the
gravitational field, given by the gravitational source term " !" , i.e.

&!" = |g|T !" +
c4

16" G
" !" . (14)
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Part A: Post-Newtonian Sources

2 EinsteinÕs Field Equations

The Þeld equations of general relativity form a system of ten second-order partial di! erential
equations obeyed by the space-time metricg!" ,

G!" [g,@g,@2g] =
8⇡G
c4 T!" [g], (9)

where the Einstein curvature tensorG!" ! R!" " 1
2 R g!" is generated, through the gravitational

coupling  = 8⇡G/c 4, by the matter stress-energy tensorT !" . Among these ten equations, four
govern, via the contracted Bianchi identity, the evolution of the matter system,

# µG! µ ! 0 =$ # µT! µ = 0 . (10)

The space-time geometry is constrained by the six remaining equations, which place six independent
constraints on the ten components of the metricg!" , leaving four of them to be Þxed by a choice
of a coordinate system.

In most of this paper we adopt the conditions of harmonic, or de Donder, coordinates. We
deÞne, as a basic variable, the gravitational-Þeld amplitude

h!" =
%

" g g!" " ⌘!" , (11)

whereg!" denotes the contravariant metric (satisfying g! µgµ" = �!
" ), where g is the determinant of

the covariant metric, g = det( g!" ), and where⌘!" represents an auxiliary Minkowskian metric. The
harmonic-coordinate condition, which accounts exactly for the four equations (10) corresponding
to the conservation of the matter tensor, reads

@µh! µ = 0 . (12)

Equations (11, 12) introduce into the deÞnition of our coordinate system a preferred Minkowskian
structure, with Minkowski metric ⌘!" . Of course, this is not contrary to the spirit of general rel-
ativity, where there is only one physical metric g!" without any ßat prior geometry, because the
coordinates are not governed by geometry (so to speak), but rather are chosen by researchers when
studying physical phenomena and doing experiments. Actually, the coordinate condition (12) is
especially useful when we view the gravitational waves as perturbations of space-time propagating
on the Þxed Minkowskian manifold with the background metric ⌘!" . This view is perfectly legiti-
mate and represents a fruitful and rigorous way to think of the problem when using approximation
methods. Indeed, the metric⌘!" , originally introduced in the coordinate condition ( 12), does exist
at any Þnite order of approximation (neglecting higher-order terms), and plays in a sense the role
of some ÒpriorÓ ßat geometry.

The Einstein Þeld equations in harmonic coordinates can be written in the form of inhomoge-
neous ßat dÕAlembertian equations,

! h!" =
16⇡G

c4 ⌧ !" , (13)

where ! ! ! # = ⌘µ$@µ@$ . The source term ⌧ !" can rightly be interpreted as the stress-energy
pseudo-tensor (actually, ⌧ !" is a Lorentz tensor) of the matter Þelds, described byT!" , and the
gravitational Þeld, given by the gravitational source term " !" , i.e.

⌧ !" = |g|T !" +
c4

16⇡G
" !" . (14)
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Part A: Post-Newtonian Sources

2 EinsteinÕs Field Equations

The Þeld equations of general relativity form a system of ten second-order partial di! erential
equations obeyed by the space-time metricg!" ,

G!" [g,! g,! 2g] =
8" G
c4 T !" [g], (9)

where the Einstein curvature tensorG!" ! R!" " 1
2 R g!" is generated, through the gravitational

coupling # = 8 " G/c 4, by the matter stress-energy tensorT !" . Among these ten equations, four
govern, via the contracted Bianchi identity, the evolution of the matter system,

# µ G! µ ! 0 =$ # µ T ! µ = 0 . (10)

The space-time geometry is constrained by the six remaining equations, which place six independent
constraints on the ten components of the metricg!" , leaving four of them to be Þxed by a choice
of a coordinate system.

In most of this paper we adopt the conditions of harmonic, or de Donder, coordinates. We
deÞne, as a basic variable, the gravitational-Þeld amplitude

h!" =
%

" g g!" " $!" , (11)

whereg!" denotes the contravariant metric (satisfying g! µ gµ" = %!
" ), where g is the determinant of

the covariant metric, g = det( g!" ), and where$!" represents an auxiliary Minkowskian metric. The
harmonic-coordinate condition, which accounts exactly for the four equations (10) corresponding
to the conservation of the matter tensor, reads

! µ h! µ = 0 . (12)

Equations (11, 12) introduce into the deÞnition of our coordinate system a preferred Minkowskian
structure, with Minkowski metric $!" . Of course, this is not contrary to the spirit of general rel-
ativity, where there is only one physical metric g!" without any ßat prior geometry, because the
coordinates are not governed by geometry (so to speak), but rather are chosen by researchers when
studying physical phenomena and doing experiments. Actually, the coordinate condition (12) is
especially useful when we view the gravitational waves as perturbations of space-time propagating
on the Þxed Minkowskian manifold with the background metric $!" . This view is perfectly legiti-
mate and represents a fruitful and rigorous way to think of the problem when using approximation
methods. Indeed, the metric$!" , originally introduced in the coordinate condition ( 12), does exist
at any Þnite order of approximation (neglecting higher-order terms), and plays in a sense the role
of some ÒpriorÓ ßat geometry.

The Einstein Þeld equations in harmonic coordinates can be written in the form of inhomoge-
neous ßat dÕAlembertian equations,

! h!" =
16" G

c4 &!" , (13)

where ! ! ! # = $µ$ ! µ ! $ . The source term &!" can rightly be interpreted as the stress-energy
pseudo-tensor (actually,&!" is a Lorentz tensor) of the matter Þelds, described byT!" , and the
gravitational Þeld, given by the gravitational source term " !" , i.e.

&!" = |g|T !" +
c4

16" G
" !" . (14)
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nonlinear term

Gravitational Radiation from Post-Newtonian Sources and Inspiralling Compact Binaries 17

The exact expression of! !" , including all non-linearities, reads5

! !" = ! hµ# ! 2
µ#h!" + ! µ h!# ! #h" µ +

1
2

g!" gµ # ! $ hµ %! %h#$

! g! µ g#%! $ h"%! µ h#$ ! g" µ g#%! $ h!% ! µ h#$ + gµ#g$%! $ h! µ ! %h"#

+
1
8

(2g! µ g"# ! g!" gµ#)(2g$%g&' ! g%&g$' )! µ h$' ! #h%&. (15)

As is clear from this expression,! !" is made of terms at least quadratic in the gravitational-Þeld
strength h and its Þrst and second space-time derivatives. In the following, for the highest post-
Newtonian order that we consider (3PN), we need the quadratic, cubic and quartic pieces of! !" .
With obvious notation, we can write them as

! !" = N !" [h, h] + M !" [h, h, h] + L !" [h, h, h, h] + O(h5). (16)

These various terms can be straightforwardly computed from Equation (15); see Equations (3.8)
in Ref. [38] for explicit expressions.

As said above, the condition (12) is equivalent to the matter equations of motion, in the sense
of the conservation of the total pseudo-tensor" !" ,

! µ " ! µ = 0 "# $ µ T ! µ = 0 . (17)

In this article, we look for the solutions of the Þeld equations (13, 14, 15, 17) under the following
four hypotheses:

1. The matter stress-energy tensorT !" is of spatially compact support, i.e. can be enclosed
into some time-like world tube, say r % a, where r = |x | is the harmonic-coordinate radial
distance. Outside the domain of the source, whenr > a , the gravitational source term,
according to Equation (17), is divergence-free,

! µ ! ! µ = 0 (when r > a ). (18)

2. The matter distribution inside the source is smooth6: T !" & C1(R3). We have in mind a
smooth hydrodynamical ÒßuidÓ system, without any singularities nor shocks (a priori ), that
is described by some Eulerian equations including high relativistic corrections. In particular,
we exclude from the start any black holes (however we shall return to this question when we
Þnd a model for describing compact objects).

3. The source is post-Newtonian in the sense of the existence of the small parameter deÞned
by Equation (1). For such a source we assume the legitimacy of the method of matched
asymptotic expansions for identifying the inner post-Newtonian Þeld and the outer multipolar
decomposition in the sourceÕs exterior near zone.

4. The gravitational Þeld has been independent of time (stationary) in some remote past, i.e.
before some Þnite instant! T in the past, in the sense that

!
! t

⇥
h!" (x , t)

⇤
= 0 when t % ! T . (19)

5See also Equation (140) for the expression in d + 1 space-time dimensions.
6N, Z, R, and C are the usual sets of non-negative integers, integers, real numbers, and complex numbers; Cp (! )

is the set of p-times continuously di" erentiable functions on the open domain ! (p ! +" ).
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Near Zone vs. Wave Zone for Slow-Motion Source

¥ [from E&M Analogy]:

- in the near zone, field nearly follows the motion of the particle

- in the wave zone, field is self-sustained

8

!

L ~ 1/!

near zone

wave zone
zone

1/c(!/! t)! !/! x, !/! y, !/! z
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Metric Perturbation in the Near Zone
9

Yanbei Chen

G!" = R!" !
1
2

g!" R (1)

" ! G!" = 0 (2)

T!" : stress-energy tensor (3)

" ! T !" = 0 (4)

!
1
c2

! 2
t h!" + " 2h!" =

16" G
c4

#!" (5)

1
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1
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16" G
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16" G

c4
#!" +

1
c2

! 2
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1

Wave Equation Poisson Equation

... iteratively obtain
metric perturbations

accuracy increase 
by 1/c2

per iteration 
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Yanbei Chen

G!" = R!" !
1
2

g!" R (1)

" ! G!" = 0 (2)

T!" : stress-energy tensor (3)

" ! T !" = 0 (4)

!
1
c2

! 2
t h!" + " 2h!" =

16" G
c4

#!" (5)

1

Yanbei Chen

G!" = R!" !
1
2

g!" R (1)

" ! G!" = 0 (2)

T!" : stress-energy tensor (3)

" ! T !" = 0 (4)

!
1
c2

! 2
t h!" + " 2h!" =

16" G
c4

#!" (5)

" 2h!" =
16" G

c4
#!" +

1
c2

! 2
t h!" (6)

1

Wave Equation Poisson Equation

... iteratively obtain
metric perturbations

accuracy increase 
by 1/c2

per iteration 

Hamiltonian for relative motion in the Center-of-Mass frame 
at 3PN or 1/c6

Monday, June 17, 13



Radiation Reaction

¥Break of time reversal symmetry given by out-going-wave boundary condition 
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Full Equations of Motion

¥Full equation of motion  derived up to 3.5 PN

- conservative dynamics up to 3PN

- radiation-reaction at 2.5PN and 3.5PN

11

Gravitational Radiation from Post-Newtonian Sources and Inspiralling Compact Binaries 73

+
7
32

(N12P1)(N12P2)P2
1 P2

2

m3
1m3

2
+

1
2

P4
1 P2

2

m4
1m2

2
+

1
32

P2
1 (P1P2)P2

2

m3
1m3

2

! "

+1 ! 2 + O
#

1
c7

!
. (179)

Arguably, the results given by the ADM-Hamiltonian formalism (for the problem at hand) look
simpler than their harmonic-coordinate counterparts. Indeed, the ADM Lagrangian is ordinary Ð
no accelerations Ð and there are no logarithms nor associated gauge constantsr !

1 and r !
2. But of

course, one is free to describe the binary motion in whatever coordinates one likes, and the two
formalisms, harmonic (174) and ADM ( 178, 179), describe rigorously the same physics. On the
other hand, the higher complexity of the harmonic-coordinates Lagrangian (174) enables one to
perform more tests of the computations, notably by inquiring about the future of the constants r !

1
and r !

2, that we know must disappear from physical quantities such as the center-of-mass energy
and the total gravitational-wave ßux.

9.3 Equations of motion in the center-of-mass frame

In this section we translate the origin of coordinates to the binaryÕs center-of-mass by imposing
that the binaryÕs dipole Ii = 0 (notation of Part A). Actually the dipole moment is computed as
the center-of-mass conserved integral associated with the boost symmetry of the 3PN equations of
motion and Lagrangian [103, 43]. This condition results in the (3PN-accurate, say) relationship
between the individual positions in the center-of-mass frameyi

1 and yi
2, and the relative position

xi " yi
1 # yi

2 and velocity vi " vi
1 # vi

2 = dxi/dt (formerly denoted yi
12 and vi

12). We shall also use
the orbital separation r " |x |, together with n = x/r and úr " n áv . Mass parameters are the total
massm = m1 + m2 (m " M in the notation of Part A), the mass di! erence! m = m1 # m2, the
reduced massµ = m1m2/m , and the very useful symmetric mass ratio

" "
µ
m

"
m1m2

(m1 + m2)2 . (180)

The usefulness of this ratio lies in its interesting range of variation: 0< " $ 1/ 4, with " = 1 / 4 in
the case of equal masses, and" % 0 in the Òtest-massÓ limit for one of the bodies.

The 3PN and even 3.5PN center-of-mass equations of motion are obtained by replacing in the
general-frame 3.5PN equations of motion (168) the positions and velocities by their center-of-mass
expressions, applying as usual the order-reduction of all accelerations where necessary. We write
the relative acceleration in the center-of-mass frame in the form

dvi

dt
= #

Gm
r 2
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%
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#
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, (181)

and Þnd [43] that the coe" cients A and B are
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Up to the 2.5PN order the result agrees with the calculation of [155]. The 3.5PN term is issued from
Refs. [136, 137, 138, 174, 148, 164]. At the 3PN order we have some gauge-dependent logarithms
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Up to the 2.5PN order the result agrees with the calculation of [155]. The 3.5PN term is issued from
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Adiabatic Evolution of Circular Orbits

¥Energy/Angular momentum flux derived up to 3.5 Post leading order for circular orbits.
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separation r12. But the numerical value of E should not depend on the choice of a coordinate
system, so E must admit a frame-invariant expression, the same in all coordinate systems. To find
it we re-express E with the help of a frequency-related parameter x instead of the post-Newtonian
parameter ! . Posing

x !
!

G m "
c3

" 2/ 3

= O
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1
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, (192)

we readily obtain from Equation (190) the expression of ! in terms of x at 3PN order,
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that we substitute back into Equation (191), making all appropriate post-Newtonian re-expansions.
As a result, we gladly discover that the logarithms together with their associated gauge constant
r!

0 have cancelled out. Therefore, our result is
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For circular orbits one can check that there are no terms of order x7/ 2 in Equation (194), so our
result for E is actually valid up to the 3.5PN order.

9.5 The innermost circular orbit (ICO)

Having in hand the circular-orbit energy, we define the innermost circular orbit (ICO) as the
minimum, when it exists, of the energy function E(x). Notice that we do not define the ICO as
a point of dynamical general-relativistic unstability. Hence, we prefer to call this point the ICO
rather than, strictly speaking, an innermost stable circular orbit or ISCO. A study of the dynamical
stability of circular binary orbits in the post-Newtonian approximation of general relativity can be
found in Ref. [43].

The previous definition of the ICO is motivated by our comparison with the results of numerical
relativity. Indeed we shall confront the prediction of the standard (Taylor-based) post-Newtonian
approach with a recent result of numerical relativity by Gourgoulhon, Grandclément, and Bonaz-
zola [123, 126]. These authors computed numerically the energy of binary black holes under the
assumptions of conformal flatness for the spatial metric and of exactly circular orbits. The latter
restriction is implemented by requiring the existence of an “helical” Killing vector, which is time-
like inside the light cylinder associated with the circular motion, and space-like outside. In the
numerical approach [123, 126] there are no gravitational waves, the field is periodic in time, and
the gravitational potentials tend to zero at spatial infinity within a restricted model equivalent
to solving five out of the ten Einstein field equations (the so-called Isenberg–Wilson–Mathews ap-
proximation; see Ref. [114] for a discussion). Considering an evolutionary sequence of equilibrium
configurations Refs. [123, 126] obtained numerically the circular-orbit energy E(" ) and looked for
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Let us give the two basic technical formulas needed when carrying out this reduction:
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where " " C and C = 0 .577á á ádenotes the Euler constant [125]. The tail integrals are evaluated
thanks to these formulas for aÞxed(non-decaying) circular orbit. Indeed it can be shown [50] that
the Òremote-pastÓ contribution to the tail integrals is negligible; the errors due to the fact that the
orbit actually spirals in by gravitational radiation do not a ! ect the signal before the 4PN order. We
then Þnd, for the quadratic tail term stricto sensu, the 1.5PN, 2.5PN, and 3.5PN contributions39

L tail =
32c5

5G
$5%2

$
4#$3/ 2 +

%
!

25663
672

!
125
8

%
&

#$5/ 2 +
%

90205
576

+
505747
1512

%+
12809
756

%2
&

#$7/ 2

+ O
%

1
c8

&'
. (228)

For the sum of squared tails and cubic tails of tails at 3PN, we get
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By comparing Equations (224) and (229) we observe that the constantsr 0 cleanly cancel out.
Adding together all these contributions we obtain
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The gauge constant r #
0 has not yet disappeared because the post-Newtonian expansion is still

parametrized by $ instead of the frequency-related parameterx deÞned by Equation (192) Ð just
as for E when it was given by Equation (191). After substituting the expression $(x) given by
Equation (193), we Þnd that r #

0 does cancel as well. Because the relation$(x) is issued from the
equations of motion, the latter cancellation represents an interesting test of the consistency of the
two computations, in harmonic coordinates, of the 3PN multipole moments and the 3PN equations
of motion. At long last we obtain our end result:
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39 All formulas incorporate the changes in some equations following the published Errata (2005) to the works [ 16,
19, 45, 40, 4].
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In the test-mass limit ! " 0 for one of the bodies, we recover exactly the result following from
linear black-hole perturbations obtained by Tagoshi and Sasaki [205]. In particular, the rational
fraction 6643739519/ 69854400 comes out exactly the same as in black-hole perturbations. On the
other hand, the ambiguity parameters # and $ are part of the rational fraction ! 134543/ 7776,
belonging to the coe! cient of the term at 3PN order proportional to ! (hence this coe! cient
cannot be computed by linear black hole perturbations)40.

10.3 Orbital phase evolution

We shall now deduce the laws of variation with time of the orbital frequency and phase of an
inspiralling compact binary from the energy balance equation (215). The center-of-mass energyE
is given by Equation (194) and the total ßux L by Equation (231). For convenience we adopt the
dimensionless time variable41

" #
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5Gm
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where tc denotes the instant of coalescence, at which the frequency tends to inÞnity (evidently, the
post-Newtonian method breaks down well before this point). We transform the balance equation
into an ordinary di #erential equation for the parameter x, which is immediately integrated with
the result
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The orbital phase is deÞned as the angle%, oriented in the sense of the motion, between the
separation of the two bodies and the direction of the ascending nodeN within the plane of the
sky, namely the point on the orbit at which the bodies cross the plane of the sky moving toward

40 Generalizing the ßux formula ( 231) to point masses moving on quasi elliptic orbits dates back to the work of
Peters and Mathews [ 178] at Newtonian order. The result was obtained in [ 217, 49] at 1PN order, and then further
extended by Gopakumar and Iyer [ 122] up to 2PN order using an explicit quasi-Keplerian representation of the
motion [ 99, 197]. No complete result at 3PN order is yet available.

41 Notice the ÒstrangeÓ post-Newtonian order of this time variable: ! = O(c+8 ).
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Ending of Post-Newtonian Regime?
19

11

FIG. 3: In the left panel, we plot the energy function ETN versus v, at di ! erent PN orders, for ! = 0 .25. The two long-dashed
vertical lines in the left Þgure correspond to v ! 0.18 and v ! 0.53; they show the velocity range that corresponds to the
LIGO frequency band 40 " f GW " 240 Hz, for BBHs with total mass in the range 10Ð40M ! . In the right panel, we plot the
percentage di! erence" ETN = 100 |(ETN +1 # ETN )/ ETN | versus the total mass M , for N = 1 , 2, at the LIGO-I peak-sensitivity
GW frequency, f peak = 153 Hz [note: vpeak = ( #Mf peak )1/ 3 ].

M f GW (Hz) at MECO f GW (Hz) at ISCO
T (1PN) T (2PN) T (3PN) P (2PN) P (3PN) H (1PN) E (1PN) E (2PN) E (3PN)

(5 + 5) M ! 3376 886 832 572 866 183 446 473 570
(10 + 10) M ! 1688 442 416 286 433 92 223 236 285
(15 + 15) M ! 1125 295 277 191 289 61 149 158 190
(20 + 20) M ! 844 221 208 143 216 46 112 118 143

TABLE II: Location of the MECO/ISCO. The Þrst six columns sho w the GW frequency at the Maximum binding Energy for
Circular Orbits (MECO), computed using the T- and P-approxi mants to the energy function; the remaining columns show the
GW frequency at the Innermost Stable Circular Orbit (ISCO), computed using the H-approximant to the energy, and using
the EOB improved Hamiltonian (90) with ÷ z1 = ÷z2 = 0. For the H-approximant the ISCO exists only at 1PN order.

1PN ! 1.5PN : +142%; 1.5PN ! 2PN : " 0.2%; 2PN ! 2.5PN : " 34%; 2.5PN ! 3PN(ö! = 0) : +43%; 3PN !
3.5PN(ö! = 0) : +0 .04%. The percentage di! erence between the 3PN ßuxes withö! = ± 2 is # 7%. It is interesting
to notice that while there is a big di! erence between the 1PN and 1.5PN orders, and between the 2PN and 2.5PN
orders, the 3PN and 3.5PN ßuxes are rather close. Of course this observation is insu" cient to conclude that the PN
sequence is converging at 3.5PN order.

In the left panel of Fig. 3, we plot the T-approximants for the energy function versusv, at di ! erent PN orders,
while in the right panel we plot (as a function of the total mass M , and at the LIGO-I peak-sensitivity GW frequency
f peak = 153 Hz) the percentage di! erence of the energy function between T-approximants to the energy function of
successive PN orders. We note that the 1PN and 2PN energies are distant, but the 2PN and 3PN energies are quite
close.

DeÞnition of the models

The evolution equations (32) for the adiabatic inspiral lose validity (the inspiral ceases to be adiabatic) a little
before v reachesvTN

MECO , where MECO stands for MaximumÐbinding-Energy Circular Orbit [54, 65]. This vTN
MECO is

computed as the value ofv at which dETN (v)/dv = 0. In building our adiabatic models we evolve Eqs. (32) right up
to vMECO and stop there. We shall refer to the frequency computed by setting v = vMECO in Eq. (42) as the ending
frequency for these waveforms, and in Tab. II we show this frequency forsome BH masses. However, for certain
binaries, the 1PN and 2.5PN ßux functions can go to zero before v = vTN

MECO [see Fig. 2]. In those cases we choose as
the ending frequency the value off = v3/ (" M ) where F (v) becomes 10% ofFNewt (v). [When using the 2.5PN ßux,
our choice of the ending frequency di! ers from the one used inRef. [12], where the authors stopped the evolution at

minimum energy for 
circular orbits

[innermost stable 
circular orbit, or ISCO]

Gravitational Radiation from Post-Newtonian Sources and Inspiralling Compact Binaries 77

separation r12. But the numerical value of E should not depend on the choice of a coordinate
system, so E must admit a frame-invariant expression, the same in all coordinate systems. To find
it we re-express E with the help of a frequency-related parameter x instead of the post-Newtonian
parameter ! . Posing

x !
!

G m "
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= O
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1
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"
, (192)

we readily obtain from Equation (190) the expression of ! in terms of x at 3PN order,

! = x

#
1 +

$
1 "

#
3

%
x +

!
1 "

65
12

#
"

x2

+
!

1 +
&
"

2203
2520

"
41
192

$2 "
22
3

ln
!

r

r!
0

"'
# +

229
36

#2 +
1
81

#3
"

x3

+ O
!

1
c8

"(
, (193)

that we substitute back into Equation (191), making all appropriate post-Newtonian re-expansions.
As a result, we gladly discover that the logarithms together with their associated gauge constant
r!

0 have cancelled out. Therefore, our result is
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For circular orbits one can check that there are no terms of order x7/ 2 in Equation (194), so our
result for E is actually valid up to the 3.5PN order.

9.5 The innermost circular orbit (ICO)

Having in hand the circular-orbit energy, we define the innermost circular orbit (ICO) as the
minimum, when it exists, of the energy function E(x). Notice that we do not define the ICO as
a point of dynamical general-relativistic unstability. Hence, we prefer to call this point the ICO
rather than, strictly speaking, an innermost stable circular orbit or ISCO. A study of the dynamical
stability of circular binary orbits in the post-Newtonian approximation of general relativity can be
found in Ref. [43].

The previous definition of the ICO is motivated by our comparison with the results of numerical
relativity. Indeed we shall confront the prediction of the standard (Taylor-based) post-Newtonian
approach with a recent result of numerical relativity by Gourgoulhon, Grandclément, and Bonaz-
zola [123, 126]. These authors computed numerically the energy of binary black holes under the
assumptions of conformal flatness for the spatial metric and of exactly circular orbits. The latter
restriction is implemented by requiring the existence of an “helical” Killing vector, which is time-
like inside the light cylinder associated with the circular motion, and space-like outside. In the
numerical approach [123, 126] there are no gravitational waves, the field is periodic in time, and
the gravitational potentials tend to zero at spatial infinity within a restricted model equivalent
to solving five out of the ten Einstein field equations (the so-called Isenberg–Wilson–Mathews ap-
proximation; see Ref. [114] for a discussion). Considering an evolutionary sequence of equilibrium
configurations Refs. [123, 126] obtained numerically the circular-orbit energy E(" ) and looked for
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FIG. 3: In the left panel, we plot the energy function ETN versus v, at di ! erent PN orders, for ! = 0 .25. The two long-dashed
vertical lines in the left Þgure correspond to v ! 0.18 and v ! 0.53; they show the velocity range that corresponds to the
LIGO frequency band 40 " f GW " 240 Hz, for BBHs with total mass in the range 10Ð40M ! . In the right panel, we plot the
percentage di! erence" ETN = 100 |(ETN +1 # ETN )/ ETN | versus the total mass M , for N = 1 , 2, at the LIGO-I peak-sensitivity
GW frequency, f peak = 153 Hz [note: vpeak = ( #Mf peak )1/ 3 ].

M f GW (Hz) at MECO f GW (Hz) at ISCO
T (1PN) T (2PN) T (3PN) P (2PN) P (3PN) H (1PN) E (1PN) E (2PN) E (3PN)

(5 + 5) M ! 3376 886 832 572 866 183 446 473 570
(10 + 10) M ! 1688 442 416 286 433 92 223 236 285
(15 + 15) M ! 1125 295 277 191 289 61 149 158 190
(20 + 20) M ! 844 221 208 143 216 46 112 118 143

TABLE II: Location of the MECO/ISCO. The Þrst six columns sho w the GW frequency at the Maximum binding Energy for
Circular Orbits (MECO), computed using the T- and P-approxi mants to the energy function; the remaining columns show the
GW frequency at the Innermost Stable Circular Orbit (ISCO), computed using the H-approximant to the energy, and using
the EOB improved Hamiltonian (90) with ÷ z1 = ÷z2 = 0. For the H-approximant the ISCO exists only at 1PN order.

1PN ! 1.5PN : +142%; 1.5PN ! 2PN : " 0.2%; 2PN ! 2.5PN : " 34%; 2.5PN ! 3PN(ö! = 0) : +43%; 3PN !
3.5PN(ö! = 0) : +0 .04%. The percentage di! erence between the 3PN ßuxes withö! = ± 2 is # 7%. It is interesting
to notice that while there is a big di! erence between the 1PN and 1.5PN orders, and between the 2PN and 2.5PN
orders, the 3PN and 3.5PN ßuxes are rather close. Of course this observation is insu" cient to conclude that the PN
sequence is converging at 3.5PN order.

In the left panel of Fig. 3, we plot the T-approximants for the energy function versusv, at di ! erent PN orders,
while in the right panel we plot (as a function of the total mass M , and at the LIGO-I peak-sensitivity GW frequency
f peak = 153 Hz) the percentage di! erence of the energy function between T-approximants to the energy function of
successive PN orders. We note that the 1PN and 2PN energies are distant, but the 2PN and 3PN energies are quite
close.

DeÞnition of the models

The evolution equations (32) for the adiabatic inspiral lose validity (the inspiral ceases to be adiabatic) a little
before v reachesvTN

MECO , where MECO stands for MaximumÐbinding-Energy Circular Orbit [54, 65]. This vTN
MECO is

computed as the value ofv at which dETN (v)/dv = 0. In building our adiabatic models we evolve Eqs. (32) right up
to vMECO and stop there. We shall refer to the frequency computed by setting v = vMECO in Eq. (42) as the ending
frequency for these waveforms, and in Tab. II we show this frequency forsome BH masses. However, for certain
binaries, the 1PN and 2.5PN ßux functions can go to zero before v = vTN

MECO [see Fig. 2]. In those cases we choose as
the ending frequency the value off = v3/ (" M ) where F (v) becomes 10% ofFNewt (v). [When using the 2.5PN ßux,
our choice of the ending frequency di! ers from the one used inRef. [12], where the authors stopped the evolution at
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¥Taylor expansion

¥PadŽ Approximant

¥Example: flux 14

FIG. 5: Normalized ßux function F PN / F Newt versus v, at di ! erent PN orders. The two long-dashed vertical lines give v ! 0.18
and v ! 0.53; they show the velocity range that corresponds to the LIGO frequency band 40 " f GW " 240 Hz for BBHs with
total mass in the range 10Ð40M ! . Compare with Fig. 2.
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Here the dimensionless coe! cientsci depend only on! . The ck Õs are explicit functions of the coe! cients f k (k = 1 , ...5),
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f k = Fk !
Fk! 1

vP2
pole

. (54)

Here Fk is given by Eqs. (38)Ð(41) [fork = 6 and k = 7, the term ! 856/ 105 log16v2 should be replaced by
! 856/ 105 log16(vP2

MECO )2]. The coe! cients c7 and c8 are straightforward to compute, but we do not show them
because they involve rather long expressions. The quantityvP2

MECO is the MECO of the energy function eP2 [deÞned
by deP2 (v)/dv = 0]. The quantity vP2

pole , given by
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is the pole ofeP2 , which plays an important role in the scheme proposed by Damour, Iyer and Sathyaprakash [26]. It
is used to augment the Pad«e resummation of the PN expanded energy and ßux with information taken from the test-
mass case, where the ßux (known analytically up to 5.5PN order) has a pole at the light ring. Under the hypothesis

Resummation Techniques
21

10

FIG. 2: Normalized ßux function F TN / F Newt versus v, at di ! erent PN orders for equal-mass binaries, ! = 0 .25. Note that
the 1.5PN and 2PN ßux, and the 3PN and 3.5PN ßux, are so close that they cannot be distinguished in these plots. The two
long-dashed vertical lines correspond to v ! 0.18 and v ! 0.53; they show the velocity range that corresponds to the LIGO
frequency band 40" f GW " 240 Hz for BBHs with total mass in the range 10Ð40M ! .
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Here ! = m1m2/ (m1 + m2)2, #E is EulerÕs gamma, andö$ is the arbitrary 3PN ßux parameter [52, 53]. From Tab.
I of Ref. [52] we read that the extra number of GW cycles accumulated by the PN terms of a given order decreases
(roughly) by an order of magnitude when we increase the PN order by one. Hence, we Þnd it reasonable to expect
that at 3PN order the parameter ö$ should be of order unity, and we choose as typical valuesö$ = 0 , ± 2. (Note for v3
of this paper on gr-qc: Eqs. (39) and (41) are now revised as per Ref. [67]; the parameter ö$ has been determined to
be 1039/4620 [68].)

In Fig. 2 we plot the normalized ßux FTN / FNewt as a function of v at various PN orders for the equal mass case
! = 0 .25. To convert v to a GW frequency we can use

f GW " 3.2 # 104
!

20M !

M

"
v3. (42)

The two long-dashed vertical lines in Fig. 2 correspond tov " 0.18 and v " 0.53; they show the velocity range that
corresponds to the LIGO frequency band 40$ f GW $ 240 Hz for BBHs with total mass in the range 10Ð40M ! .
At the LIGO-I peak-sensitivity frequency, which is 153 Hz according to our noise curve, and for a (10+10)M !
BBH, we have v " 0.362; and the percentage di! erence between subsequent PN orders is Newt % 1PN : ! 58%;

Taylor Expansions PadŽ Approximants

Yanbei Chen

G!" = R!" !
1
2

g!" R (1)

" ! G!" = 0 (2)

T!" : stress-energy tensor (3)

" ! T !" = 0 (4)

!
1
c2

! 2
t h!" + " 2h!" =

16" G
c4

#!" (5)

" 2h!" =
16" G

c4
#!" +

1
c2

! 2
t h!" (6)

x #
! GM $

c3

" 2/ 3

= ( v/c)2 (7)

dE
dt

= L $ úx =
L

dE/dx
(8)

y =
#

n
anxn (9)

1

Yanbei Chen

G↵� = R↵� !
1
2

g↵�R (1)

" ↵G↵� = 0 (2)

T↵�: stress-energy tensor (3)

" ↵T↵� = 0 (4)

!
1
c2

! 2
t h↵� + " 2h↵� =

16" G
c4

#↵� (5)

" 2h↵� =
16" G

c4
#↵� +

1
c2

! 2
t h↵� (6)

x #
! GM $

c3

" 2/ 3

= ( v/c)2 (7)

dE
dt

= L $ úx =
L

dE/dx
(8)

y =
#

n
anxn (9)

y =
$

n anxn

$
m bmxm

(10)

1

Monday, June 17, 13



ÒVariations on the Adiabatic PN evolutionÓ
22

Yanbei Chen

G!" = R!" !
1
2

g!" R (1)

" ! G!" = 0 (2)

T!" : stress-energy tensor (3)

" ! T !" = 0 (4)

!
1
c2

! 2

t h!" + " 2h!" =
16" G

c4

#!" (5)

" 2h!" =
16" G

c4

#!" +
1
c2

! 2

t h!" (6)

x #
! GM $

c3

"
2/ 3

= ( v/c)2 (7)

dE
dt

= L $ úx =
L

dE/dx
(8)

y =
#

n
anxn (9)

y =
$

n anxn

$
m bmxm

(10)

dx
dt

=
[L (x)]

Taylor

[dE(x)/dx ]
Taylor

(11)

1

Variation 4

Yanbei Chen

G!" = R!" !
1
2

g!" R (1)

" ! G!" = 0 (2)

T!" : stress-energy tensor (3)

" ! T !" = 0 (4)

!
1
c2

! 2
t h!" + " 2h!" =

16" G
c4

#!" (5)

" 2h!" =
16" G

c4
#!" +

1
c2

! 2
t h!" (6)

x #
! GM $

c3

" 2/ 3

= ( v/c)2 (7)

dE
dt

= L $ úx =
L

dE/dx
(8)

y =
#

n
anxn (9)

y =
$

n anxn

$
m bmxm

(10)

dx
dt

=
[L (x)]Taylor

[dE(x)/dx ]Taylor

(11)

dx
dt

=
[L (x)]Pad«e

[dE(x)/dx ]Pad«e

(12)

1

Variation 1

Variation 2

Variation 3

dx
dt

=
[L (x)]Pad«e

[dE(x)/dx ]
Pad«e

(12)

!
dE/dx

L

"

Taylor

dx = dt ! x! (1 & x & x2 & . . .) = t (13)

x = t1/ ! (1 + t1/ ! + t2/ ! + . . .) (14)

2

dx
dt

=
[L (x)]Pad«e

[dE(x)/dx ]
Pad«e

(12)

!
dE/dx

L

"

Taylor

dx = dt ! x! (1 & x & x2 & . . .) = t (13)

x = t1/ ! (1 & t1/ ! & t2/ ! & . . .) (14)

2

... Þrst obtain waveform, 
Fourier transform

dx
dt

=
[L (x)]Pad«e

[dE(x)/dx ]
Pad«e

(12)

!
dE/dx

L

"

Taylor

dx = dt ! x! (1 & x & x2 & . . .) = t (13)

x = t1/ ! (1 & t1/ ! & t2/ ! & . . .) (14)

h(f ) = f ! 7/ 6eif ! 5/ 3 (1 & f 2/ 3 & ...) (15)

2
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E!ective One Body Approach

¥ Instead of using Taylor-expanded Hamiltonian [which doesn’t recover ISCO...]

23

consider a deformed spherically symmetric spacetime
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E!ective One Body Approach

¥Deformed spherically symmetric spacetime

¥Particle moving along some curve 

¥Add generalized force that ÒimplementsÓ energy and angular momentum loss for circular 
orbits.

24

24

L(2, 0) T(2 , 0) L(2 , 1) T(2 , 1)
mm M ! mm M ! mm M ! mm M !

(15+15) M ! 0.884 42.02 0.237
L(2, 0) (15+5) M ! 0.769 24.71 0.201

(5+5) M ! 0.996 21.70 0.068
(15+15) M ! 0.834 23.44 0.247

T(2 , 0) (15+5) M ! 0.823 14.90 0.250
(5+5) M ! 0.745 9.11 0.250

(15+15) M ! 0.837 60.52 0.236
L(2, 1) (15+5) M ! 0.844 55.70 0.052

(5+5) M ! 0.626 11.47 0.238
(15+15) M ! 0.663 19.38 0.250

T(2 , 1) (15+5) M ! 0.672 13.56 0.250
(5+5) M ! 0.631 9.22 0.243

TABLE VII: Fitting factors [see Eq. (20)] for the projection of the L(2 , 1) and L(2 , 0) (target) waveforms onto the T(2 , 0)
and T(2 , 1) (search) models. The values quoted are obtained by maximizing the maxmax (mm) match over the search-model
parameters M and ! .

C. Nonadiabatic PN resummed methods: the E ! ective-One-Bod y approach

The basic idea of the e! ective-one-body (EOB) approach [14]is to map the real two-body conservative dynamics,
generated by the Hamiltonian (56) and speciÞed up to 3PN order, onto an e! ective one-body problem where a test
particle of massµ = m1m2/M (with m1 and m2 the BH masses, andM = m1 + m2) moves in an e! ective background
metric ge!

µ ! given by

ds2
e! ! ge!

µ ! dxµ dx! = " A(R) c2dt2 +
D(R)
A(R)

dR2 + R2 (d! 2 + sin 2 ! d" 2) , (80)

where

A(R) = 1 + a1
GM
c2R

+ a2

(
GM
c2R

)2

+ a3

(
GM
c2R

)3

+ a4

(
GM
c2R

)4

+ á á á, (81)

D(R) = 1 + d1
GM
c2R

+ d2

(
GM
c2R

)2

+ d3

(
GM
c2R

)3

+ á á á. (82)

The motion of the particle is described by the action

Se! = " µc
∫

dse! . (83)

For the sake of convenience, in this section we shall use the same symbols of Secs. IV A and IV B to denote di! erent
physical quantities (such as coordinates in di! erent gauges). The mapping between the real and the e! ective dynamics
is worked out within the HamiltonÐJacobi formalism, by imposing that the action variables of the real and e! ective
description coincide (i.e., Jreal = Je! , I real = I e! , where J denotes the total angular momentum, andI the radial
action variable [14]), while allowing the energy to change,

ENR
e!

µc2 =
ENR

real

µc2

[

1 + #1
ENR

real

µc2 + #2

(
ENR

real

µc2

)2

+ #3

(
ENR

real

µc2

)3

+ á á á

]

, (84)

hereENR
e! is the NonÐRelativistice! ective energy, while is related to the relativistic e! ective energy Ee! by the equation

ENR
e! = Ee! " µ c2; Ee! is itself deÞned uniquely by the action (83). The NonÐRelativistic real energyENR

real ! H (q, p),
where H (q, p) is given by Eq. (56) with H (q, p) = µĤ (q, p). From now on, we shall relax our notation and set
G = c = 1.

Equations of motion

Damour, Jaranowski and Sch¬afer [16] found that, at 3PN order, this matching procedure contains more equations
to satisfy than free parameters to solve for (a1, a2, a3, d1, d2, d3, and #1, #2, #3). These authors suggested the following

25

two solutions to this conundrum. At the price of modifying th e energy map and the coe! cients of the e" ective metric
at the 1PN and 2PN levels, it is still possible at 3PN order to map uniquely the real two-body dynamics onto the
dynamics of a test mass moving on a geodesic (for details, seeApp. A of Ref. [16]). However, this solution appears
very complicated; more importantly, it seems awkward to have to compute the 3PN Hamiltonian as a foundation for
deriving the matching at the 1PN and 2PN levels. The second solution is to abandon the hypothesis that the e" ective
test mass moves along a geodesic, and to augment the HamiltonÐJacobi equation with (arbitrary) higher-derivative
terms that provide enough coe! cients to complete the matching. With this procedure, the Hamilton-Jacobi equation
reads

0 = µ2 + gµ!
e! (x) pµ p! + Aµ!"# (x) pµ p! p" p# + á á á. (85)

Because of the quartic termsA$%&' , the e" ective 3PN relativistic Hamiltonian is not uniquely Þxed by the matching
rules deÞned above; the general expression is [16]:

ENR
e! ! !He! (q, p) =

"

A(q)
#
1 + p2 +

$
A(q)
D(q)

" 1
%

(n áp)2 +
1
q2 (z1(p2)2 + z2 p2(n áp)2 + z3(n áp)4)

&
, (86)

here we use the reduced relativistic e" ective Hamiltonian !He! = He! /µ , and q and p are the reduced canonical
variables, obtained by rescaling the canonical variables by M and µ, respectively. The coe! cients z1, z2 and z3 are
arbitrary, subject to the constraint

8z1 + 4 z2 + 3 z3 = 6(4 " 3! ) ! . (87)

Moreover, we slightly modify the EOB model at 3PN order of Ref. [16] by requiring that in the test mass limit the 3PN
EOB Hamiltonian equal the Schwarzschild Hamiltonian. Indeed, one of the original rationales of the PN resummation
methods was to recover known exact results in the test-mass limit. To achieve this, z1, z2 and z3 must go to zero as
! # 0. A simple way to enforce this limit is to set z1 = ! ÷z1, z2 = ! ÷z2 and z3 = ! ÷z3. With this choice the coe! cients
A(r ) and D(r ) in Eq. (86) read:

A(r ) = 1 "
2
r

+
2!
r 3 +

#$
94
3

"
41
32

" 2
%

" ÷z1

&
!
r 4 , (88)

D(r ) = 1 "
6!
r 2 + [7÷z1 + ÷z2 + 2(3 ! " 26)]

!
r 3 , (89)

where we setr = |q|. The authors of Ref. [16] restricted themselves to the casez1 = z2 = 0 (÷z1 = ÷z2 = 0). Indeed,
they observed that for quasicircular orbits the terms proportional to z2 and z3 in Eq. (86) are very small, while for
circular orbits the term proportional to z1 contributes to the coe! cient A(r ), as seen in Eq. (88). So, if the coe! cient
z1 = ! ÷z1 $= 0, its value could be chosen such as to cancel the 3PN contribution in A(r ). To avoid this fact, which can
be also thought as a gauge e" ect due to the choice of the coordinate system in the e" ective description, the authors of
Ref. [16] decided to posez1 = 0 (÷z1 = 0). By contrast, in this paper we prefer to explore the e" ect of having z1,2 $= 0.
So we shall depart from the general philosophy followed by the authors in Ref. [16], pushing (or expanding) the EOB
approach to more extreme regimes.

Now, the reduction to the one-body dynamics Þxes the arbitrary coe! cients in Eq. (84) uniquely to #1 = ! / 2,
#2 = 0, and #3 = 0, and provides the resummed (improved) Hamiltonian [obtained by solving for ENR

real in Eq. (84)
and imposing H improved ! ENR

real ]:

H improved = M

"

1 + 2!
$

He! " µ
µ

%
. (90)

Including radiation-reaction e" ects, we can then write the Hamilton equations in terms of the reduced quantities
!H improved = H improved /µ , !t = t/M , !$ = $ M [15],

dr

d!t
=

%!H improved

%pr
(r, pr , p( ) , (91)

d&

d!t
! !$ =

%!H improved

%p(
(r, pr , p( ) , (92)

dpr

dt
= "

%!H improved

%r
(r, pr , p( ) , (93)

dp(

d!t
= !F ( [!$(r, pr , p( )] , (94)

Original, Taylor coe!cients in the PN expansion replaced by
a1,2,3,..., d1,2,3,..., and A

This allows the dynamics to have an ISCO at the end ...
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Comparison of PN variations with Numerical Results
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18

over ! ! may be done analytically by setting

! ! (! t) =

! t 2

t 1
[! NR (t) ! ! PN (t ! ! t)] dt

t2 ! t1
. (79)

Using this value of ! ! for a given value of ! t decreases
the number of function evaluations needed to Þnd the
minimum. This can be very useful for large data sets, or
situations where many such matches need to be done.

The choice of t1 and t2 involves some degree of judg-
ment. Preferably, t1 should be as early as possible, while
not being contaminated by junk radiation. We choose
t1 = 1100M , corresponding to M " = 0 .037. Similarly,
t2 should be as early as possible, but far enough from
t1 so that the integration averages over the noise. In
addition, the e" ects of the small but nonzero orbital ec-
centricity show up as oscillations in the phase, as can
be seen, for example, in the ranget " [1100, 1900]M in
Fig. 17. We would like t2 to be large enough so that
the integration averages over several cycles of this oscil-
lation, thus resulting in less bias due to eccentricity. Here
we uset2 = 1900M , corresponding to M " = 0 .042. We
have checked that changing the values oft1 and t2 by
± 100M changes the resulting phases by less than a few
thousandths of a radian through the end of the numerical
waveform.

This method is quite similar to the one suggested in
Ref. [17]. However, here we consider only the phase and
not the amplitude of the waveform. Because we restrict
the analysis only to the (2, 2) waveform mode of an equal-
mass binary and compare only the phase and not the
amplitude, we think it is reasonable to have neglected
the amplitude in the matching procedure.

B. Pad«e waveforms

In Fig. 16 we plot the phase di" erence between the
numerical, T- and P-approximants [21, 24, 32] at the
times when the numerical waveform reaches GW fre-
quenciesM " = 0 .063 and M " = 0 .1. The phase dif-
ferences are plotted versus the PN order. The phase dif-
ference at M " = 0 .1 of the P-approximant at 3.5PN
order is ! 0.12 radians. When comparing with generic
Taylor approximants, we notice that the phase di" er-
ences of the P-approximants are less scattered as the
PN order is increased. This might be due to the fact
that P-approximants of the energy ßux are closer to the
NR ßux, especially for lower v! where the phase accu-
mulates the most. Figure 16 could be contrasted with
Tables III and IV of Ref. [21] which show the overlaps
between the numerical waveform and P-approximants at
subsequent PN orders, in the test-mass limit case. The
behavior of the P-approximants in Fig. 16 are consistent
with the behavior of ú# seen in Fig. 13: At 1.5PN, Pad«e
has smaller ú# than the numerical simulation, at 2.5PN,
Pad«e has larger ú# . Consequently,# PN ! # NR is negative
at 1.5PN order and positive at 2.5PN order. For 3.5PN
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0

2.5

0 1 2 3

E-approximant
P-approximant
TaylorT1
TaylorT2
TaylorT3
TaylorT4

t=t0.063 t=t0.1
! P

N
 -

 !
N

R
  (

ra
di

an
s)
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FIG. 16: Phase di! erences between the numerical wave-
form, and untuned, original EOB, untuned Pad«e, and Tay-
lor waveforms, at two selected times close to merger. The
E-approximants are F m

n /H p , while the P-approximants are
F m

n /E q
p (see Table I and caption therein). Waveforms are

matched with the procedure described in Sec. VI A and phase
di! erences are computed at the time when the numerical sim-
ulation reaches M ! = 0 .063 (left panel) and M ! = 0 .1 (right
panel). Di ! erences are plotted versus PN order. Note that at
1PN order the Pad«e ßux has an extraneous pole atv = 0 .326
causing a very large phase di! erence. The thick black line
indicates the uncertainty of the comparison as discussed in
Sec. VI, |" PN ! " NR | " 0.02 radians.

order, the P-approximant in Fig. 13 agrees very well with
the numerical simulation (at least for M # ! 0.1), which
translates into excellent agreement in Fig. 16.

In Fig. 17 we explore the possibility of reducing the
phase di" erences between the numerical waveform and
P-approximants: By (i) varying vpole or (ii) introducing
the pseudo 4PN order coe$ cient F8($ = 1 / 4) = A8 +
B8 logv! in the energy ßux. We tune the coe$ cients by
minimizing the sum of the squares of the phase di" erence
at t0.063 and t0.1. We Þnd that if vpole = 0 .633, the
P-approximant F 4

4 /E 4
2 has a maximum phase di" erence

beforeM " = 0 .1 smaller than the numerical error in the
simulation. A similar result is obtained for the the P-
approximant pF 4

4 /E 4
2 if we use vpole = v2PN

pole = 0 .6907,
and tune A8 = ! 493,B8 = 330.

C. E ! ective-one-body waveforms

In Fig. 16 we also plot the phase di" erences be-
tween the numerical and the untuned, original E-
approximants [22Ð24]F m

n /H p. At 3.5PN order the phase
di" erence atM " = 0 .1 is 0.50 radians. We also computed
the phase di" erences atM " = 0 .1 of the E-approximants
nK F 3

4 /H 7, nK F7/H 7 and F7/H 7 and found 0.45, 2.56 and
2.7 radians, respectively. Thus, for untuned EOB models
it is crucial to have introduced the Pad«e ßux. When con-
trasting the original E-approximants with generic Taylor

[Boyle et al., 2008]

5 orbital cycles
before merger

2.5 orbital cycles
before merger

non-spinning binaries: post-Newtonian expansion can be used to approximate waveforms
up to a few cycles before ÒmergerÓ
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Black Hole Perturbation Theory

¥Perturbations to the space-time geometry of a black hole are like waves propagating 
around.

¥ In the radial direction, use r* coordinate, and we have, for a particular l

¥Physical reasons:

- additional infinity: perturbations go Òdown the horizonÓ

- potential barrier: gravity effect of black hole

26

dx
dt

=
[L (x)]Pad«e

[dE(x)/dx ]
Pad«e

(12)

!
dE/dx

L

"

Taylor

dx = dt ! x! (1 & x & x2 & . . .) = t (13)

x = t1/ ! (1 & t1/ ! & t2/ ! & . . .) (14)

h(f ) = f ! 7/ 6eif ! 5/ 3 (1 & f 2/ 3 & ...) (15)

" ! " !
øhµ" + 2Rµ

!
"

# øh!# = 0 . (16)

2
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Quasi-Normal Modes of Black Holes

¥Homogeneous solution, out-going-wave conditions at both horizon and infinity

¥Typically labeled by (l,m=-l,...+l,n)

27

! 100 ! 50 0 50 100 150
0.00
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0.10

0.15

r"

V

horizon inÞnity

Òlight ringÓ
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Quasi-Normal Modes of Black Holes
28

l=2
l=3

non-spinning black hole

least damped (2,2) QNM
for 0<a/M<1

Lowly damped QNMs are several times higher than ISCO frequency
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Theory of Gravitational Collapse
29

Richard H. Price, Phys. Rev. D 5, 2419 (1972) 
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Full Waveforms of Non-Spinning Binaries
30

two nearly point particles 
encircling each other

“Post-Newtonian
Expansion”

the Þnal black hole 
settles down

Black-Hole
Perturbation Theory

12
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FIG. 11: Final waveform, extrapolated to inÞnity. The top pa nels show the real part of ! 22
4 with a linear y-axis, the bottom

panels with a logarithmic y-axis. The right panels show an en largement of merger and ringdown.

alternative approach to gauge conditions for the general-
ized harmonic system [77] is in progress, and promises to
be more robust.

We compute the spin of the Þnal black hole with three
distinct diagnostics, one based on approximate rotational
Killing vectors, the others based on the minimum and
maximum of the scalar curvature of the apparent horizon
(χAKV, χmin

SC , and χmax
SC in the language of Appendices A

and B of [55]). We Þnd that these diagnostics agree to an
exquisite degree. Since these diagnostics coincide exactly
for a Kerr black hole, this suggests that the Þnal state
is indeed a Kerr black hole. The uncertainty of the Þnal
spin quoted in Sec.II E is due to numerical truncation
error, (i.e. di! erences between resolutions 30c1/N5 and
30c1/N6), rather than due to di ! erences between spin
diagnostics, and we ÞndSf /M 2

f = 0 .68646± 0.00004,
and M f = (0 .95162± 0.00002)M .

The physical waveform at inÞnity produced by any nu-
merical relativity code should of course be independent
of the coordinates used during the simulation. However,
in practice it is di " cult to remove coordinate e! ects from
the waveform for several reasons. First, waveforms are
typically extracted on coordinate spheres (not geomet-
ric spheres) of Þnite radius as functions of coordinate
time (which may not agree with proper time at inÞn-
ity). Second, the extracted waveform on a given sphere
is typically expanded in spin-weighted spherical harmon-

ics sY! m (θ,φ) using the θ and φ coordinates from the
simulation rather than some geometrically deÞnedθ and
φ coordinates. Finally, standard formulae equating # 4

with the asymptotic radiation Þeld assume that # 4 is
computed at inÞnity. Such gauge ambiguities can be sig-
niÞcant for the accuracy of waveforms from numerical
simulations [87, 88, 89]. Indeed, if we choose a deliber-
ately ÒbadÓ gauge just after merger by omitting the fac-
tor e−r ′′2 / " 2

3 in the function f (x, t ) [cf. Equation (30)],
we Þnd that the lapse function oscillates in time even
at large distances, and that the resulting waveform ex-
tracted at a Þnite radius di! ers by more than a radian
in phase from the waveform presented here. We defer
further discussion of gauge e! ects on the waveform to a
future paper.

We have also shown that extrapolation of waveforms to
inÞnity is crucial: waveforms extracted at a Þnite radius
di! er (particularly in phase) from waveforms extrapo-
lated to inÞnity by far more than the numerical errors,
as shown in Fig.10. Although it is likely that the need for
extrapolation may be somewhat reduced by more sophis-
ticated algorithms for wave extraction at Þnite radius, it
appears that most of the di! erence between waveforms
that have and have not been extrapolated to inÞnity is
due to physics (in the form of near-zone e! ects) rather
than to gauge and tetrad ambiguities [86].

We are currently extending our methods to binary
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Inspiral, Merger and Ringdown
31
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FIG. 18: Features of the merger phase. We plot the frequency evaluated from the orbit and the wave, and the GW energy ßux.
We mark with circles the time when the common AH of the Þnal BH Þ rst appears, when the binary separation reaches the
light-ring of the Þnal BH, the peak of the radiation ßux (whic h occurs around 3! 4M before the peak in the amplitude of the
waveform), when 50% of the energy and angular momentum have been radiated, and the time when 99% of the energy has been
radiated (99% of the angular momentum appears to be radiated around 5 ! 10M before this, though due to the oscillations in
dJz /dt we are much less certain exactly when this occursÑsee Fig.27). The left panel refers to the d = 16 run and the right
panel to the d = 19 run.
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FIG. 19: We compare the NR orbital frequency and the EOB orbit al frequency obtained using the nominal ! value from Table
I. The left panel refers to the run d = 16, the right panel to d = 19. The horizontal light continuous line marks the ISCO
frequency, as predicted by the conservative 3PN-EOB Hamilt onian. The two dashed lines span the region in which a dynamical
ISCO might be present.

[Buonanno, Cook & Pretorius, 2007]
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ÒAttachmentÓ of Quasi-Normal Modes
32
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FIG. 5: (color online). Comparison between the numerical
and EOB waveform for the UU conÞguration using b(! ) =
! 1.65 and a3PN

SS = 1 .5. The top panels show the real part
of the numerical and EOB h22 , the bottom panels show am-
plitude and phase di! erences between them. The left panels
show times t = 0 to 2950M , whereas the right panels present
an enlargement of the later portion of the waveform.
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FIG. 6: (color online). Comparison between the numerical
and EOB waveform for the DD conÞguration using b(! ) =
! 1.65 and a3PN

SS = 1 .5. The top panels show the real part
of the numerical and EOB h22 , the bottom panels show am-
plitude and phase di! erences between them. The left panels
show times t = 0 to 2300M , and the right panels show times
t = 2300M to t = 2480M on a di! erent vertical scale.

merger, respectively, are ! 0.2 and 4.3 rads7. Using the

7 If in the uncalibrated EOB model, we chose to include both
a5 and a6, as discussed in Sec. II A, and adopted the values
a5 = ! 15.5 and a6 = 223 (calibrated to equal-mass nonspinning
numerical waveforms and consistent with the constraint der ived
from self-force results in Ref. [31]), we would Þnd for the ph ase
di ! erences ! 0.3 and 3.5 rads. They are comparable with the
di ! erences found in the spin EOB model with only a5.

spin Taylor T4 model, the corresponding phase di! er-
ences are 2.0 and ! 10.0 rads. Therefore, the spin EOB
model, even uncalibrated, improves the phase agreement
with numerical waveforms of Taylor-expanded PN mod-
els by resumming the PN dynamics.

When calibrating the EOB model, we find that the
di! erence in phase and amplitude between the numerical
and EOB waveforms is minimized when fixing the EOB-
dynamics parameters b(! ) = ! 1.65 and a3PN

SS = 1.5.

In Fig. 5, we compare numerical and EOB h22 wave-
forms for the UU configuration. The phase di! erence and
relative amplitude di! erence are strictly within 0.01 rads
and 1%, respectively. The systematic error in the EOB
waveform in the UU configuration is therefore smaller
than the numerical errors.

In Fig. 6, we compare numerical and EOB h22 wave-
forms for the DD configuration. Using b(! ) = ! 1.65
and a3PN

SS = 1.5 again, we find that the best phase
and amplitude agreement is obtained when the match-
ing occurs at an interval of " t22

match = 3.5M ended at
t22
match = 2402.0M , which is the EOB light-ring position
and is 0.3M before the merger, i.e. the peak of the nu-
merical h22 at t = 2402.3M . The NQC parameters are
ah22

1 = ! 16.1052, ah22
2 = ! 1124.43, ah22

3 = 4529.21 and
ah22

4 = ! 4587.53. The relative amplitude di! erence is
strictly within 1% until 2000M . After 2000M , although
oscillations due to numerical gauge e! ects in the RWZ
h22 waveform are at the level of 2% until the merger,
the average di! erence is still less than 1%. After the
merger, the amplitude di! erence grows to about ! 5%
and starts oscillating with increasing magnitude. The
latter phenomenon is due to gauge e! ects in the RWZ h22
waveform as discussed in Sec. III A and the Appendix of
Ref. [15]. The phase di! erence is within 0.01 rads until
about 1800M and grows to ! 0.28 rads until merger and
settles to about 0.1 rads before the exponentially decay-
ing amplitude results in increased errors in the extracted
gravitational-wave phase.

In the spin DD configuration, the error in the EOB
waveform (especially in the phase) is not within the nu-
merical errors. The phase di! erence of " 0.13 rads at late
inspiral around t = 2300M can be reduced to within the
numerical errors of " 0.01 rads by calibrating the EOB-
dynamics adjustable parameters, i.e. b(! ) and a3PN

SS .
However, this leads to an increase of the phase di! er-
ence around the merger. Since we choose to minimize
the span of the phase di! erence over the range of the full
inspiral, merger and ringdown waveform, the phase dif-
ference at late inspiral is larger than what it could have
been. The largest phase di! erence around merger can
not be removed by calibrating the chosen adjustable pa-
rameters. Nevertheless, we can substantially reduce the
phase di! erence if we allow one of the EOB-dynamics pa-
rameters b(! ) and a3PN

SS to be di! erent in the UU and DD
cases, or if we add one more spin-independent adjustable
parameter. For instance, there can be a NQC correction
factor on the right-hand side of Eq. (34) that contributes

E!ective One-Body Waveform, calibrated by numerical simulations
with QNMs attached in the time domain

Y. Pan et al., 2009
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FIG. 5: Hybrid waveforms (solid lines) in the frequency doma in, and the Ôbest-matchedÕ phenomenological waveforms (dashed
lines). The left panel shows the Fourier domain magnitude, w hile the right one shows the phase. In the hybrid waveforms,
the constant phase term and the term linear in time (and frequ ency) have already been subtracted from the phase. In the
phenomenological waveforms,t0 and ! 0 (see Eq.(4.16)) have been chosen to minimize the phase di! erence between the hybrid
and phenomenological waveforms. These waveforms correspond to a binary with " = 0 .25, and are constructed from the
ÔshortÕ NR waveforms produced by the Jena group (see SectionIV B). The ÔdipÕ in the left panel atMf ! 2 " 10! 2 is due to
the small eccentricity present in the Þrst few cycles of the NR waveform. All waveforms are normalized assuming a ßat noise
spectral density.

It can be seen that ! max and " max can be written as
quadratic polynomials in terms of the physical parame-
ters (M and ! ) of the hybrid waveforms as:

" j int =
aj ! 2 + bj ! + cj

#M
,

$k int =
xk ! 2 + yk ! + zk

! (#M )(5 ! k ) / 3
, (4.18)

where aj , bj , cj , j = 0 ...3 and xk , yk , zk , k =
0, 2, 3, 4, 6, 7 are the coe! cients of the quadratic poly-

nomials used to Þt the data given in Figs. 6 and 7. These
coe! cients are listed in Tables I and II. It may be noted
at this point that Figs. 6 and 7 correspond to the map-
ping P : #(n ) ! $ (n )

max that we have introduced in Sec-
tion IV A, and Eq. (4.18) to the interpolation Pint of
P.

Using the empirical relations given in Eq. (4.18), we
can rewrite the e" ective amplitude and phase of the
waveforms in terms ofM and ! as:

Ae! (f ) " C

!
"""""""#

"""""""$

%
! Mf

a0 " 2 + b0 " + c0

&! 7/ 6
if f < a0 " 2 + b0 " + c0
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! Mf
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&! 2/ 3
if a0 " 2 + b0 " + c0
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! M

w L
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f, a1 " 2 + b1 " + c1
! M , a2 " 2 + b2 " + c2

! M

&
if a1 " 2 + b1 " + c1

! M # f < a3 " 2 + b3 " + c3
! M ,

# e! (f ) = 2 #f t 0 + %0 +
1
!

7'

k=0

(xk ! 2 + yk ! + zk ) (#Mf )(k ! 5) / 3 , (4.19)

where the constant C is given by Eq.(4.17). We use this family of parametrized waveforms to create a two-
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the constant phase term and the term linear in time (and frequ ency) have already been subtracted from the phase. In the
phenomenological waveforms,t0 and ! 0 (see Eq.(4.16)) have been chosen to minimize the phase di! erence between the hybrid
and phenomenological waveforms. These waveforms correspond to a binary with " = 0 .25, and are constructed from the
ÔshortÕ NR waveforms produced by the Jena group (see SectionIV B). The ÔdipÕ in the left panel atMf ! 2 " 10! 2 is due to
the small eccentricity present in the Þrst few cycles of the NR waveform. All waveforms are normalized assuming a ßat noise
spectral density.

It can be seen that ! max and " max can be written as
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ters (M and ! ) of the hybrid waveforms as:
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max that we have introduced in Sec-
tion IV A, and Eq. (4.18) to the interpolation Pint of
P.

Using the empirical relations given in Eq. (4.18), we
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where the constant C is given by Eq.(4.17). We use this family of parametrized waveforms to create a two-

P. Ajith et al., 2007: frequency-domain templates
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Spin E!ects

¥A much larger  parameter space:

- masses (2); S1 (3), S2 (3), L (2); orbital phase (1), N (2); ! (1).  

- 14 parameters.

¥Reductions

- total mass (1); overall orientation (3) 

- 10 parameters

¥Additional reductions
- if N and ! are viewed as Òone setÓ, then 7 parameters

- 7 parameters determine all the Òform factorsÓ, 3 determine how they are combined

34

spin and orbital angular momentum
both precess 

under 
the inßuence of each other
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E!ect of Precession
35

¥ Starting at 30Hz, stoppingat 317Hz

¥ 46 orbital cycles,92 GW cycles

¥ 4.5 modulationcycles

(20+ 5) M ! , both maximally spining
" ( öL N, Jtot )0 = 40#

post-Newtonian waveform
signiÞcantly modulated
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E!ect of Precession
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Apostolatos, Cutler, Sussman and Thorne, 1994
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RECENT PROGRESS IN SPIN CALCULATIONS IN THE
POST-NEWTONIAN FRAMEWORK AND APPLICATIONS

JOHANNES HARTUNG

TPI, FriedrichÐSchillerÐUniversit¬at, MaxÐWienÐPlatz 1 , 07743 Jena, Germany
johannes.hartung@uni-jena.de

JAN STEINHOFF

CENTRA, Instituto Superior T«ecnico, Avenida Rovisco Pais 1, 1049-001 Lisboa, Portugal

GERHARD SCH ¬AFER

TPI, FriedrichÐSchillerÐUniversit¬at, MaxÐWienÐPlatz 1 , 07743 Jena, Germany

Recently we derived the next-to-next-to-leading order pos t-Newtonian Hamiltonians at
spin-orbit and spin(1)-spin(2) level for a binary system of compact objects. In this talk
the derivation of them will be shortly outlined at an introdu ctory level. We will also
discuss some checks of our (complicated and long) results in the Þrst part of the talk.
In the second part we will show how to apply our results to the c alculation of the last
stable circular orbit of such a binary system of black holes o r neutron stars.

Keywords : Post-Newtonian approximation; Spinning binaries; Equat ions of motion

Astrophysical binary systems usually contain spinning components. With the
dawn of gravitational wave astronomy approaching, spin contributions to the equa-
tions of motion become very important. Recent years have seen a lot of progress in
this direction, see Ref. 1 for a summary of literature in this Þeld. Thepresent work
uses an extension of the ADM formalism2 to spinning objects linear in the spins.3,4

The Hamiltonians in question are the next-to-next-to-leading order (NNLO) spin-
orbit (SO) and NNLO spin(1)-spin(2) (SS) ones.5,6 Details on the corresponding
formal 3PN calculations will be covered in a recent manuscript.1,7

For brevity we provide the Hamiltonians in the center-of-mass frame. The full
results are given in the original publications.1,5Ð7 In this frame and in dimensionless
quantities8,9 they are given by

H NNLO
COM SO =

1
4r 5

12

!
21

"
1 ! 4! (! + 1)( L ! ) +

1
2

(! 2! 2 + 33! + 42)( L " )
#

+
!

32r 4
12

!
!

"
1 ! 4!

$
(256 + 45! )(n12 öp )2 + (314 + 39 ! )öp2%

(L ! )

+
$
(! 256 + 275! )(n12 öp )2 + ( ! 206 + 73! )öp2%

(L " )
#

+
!

32r 3
12

! "
1 ! 4!

$
15(n12 öp )4 + 3(9 ! ! 4)(n12 öp )2 öp2

+ 2(22! ! 9)(öp2)2%
(L ! ) !

$
15(2! ! 1)(n12 öp )4

+ 3(6 ! 2 ! 11! + 4)( n12 öp )2 öp2 + 2(5 ! 2 ! 3! + 2)( öp2)2%
(L " )

#
, (1)

[Next-Next-Leading Spin-Orbit term, 
providing both orbital motion and spin precession

Hartnung et al., 2013]

[Radiation reaction at this order
A. Bohe et al., 2013]
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[Next-Next-Leading Spin-Spin term, Hartnung et al., 2013]
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2

H NNLO
COM SS = !

!
1

4r 5
12

"
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(2)

There ∆ = öS1 ! öS2 and Σ = öS1 + öS2 the di! erences and sums of the spin vectors,
L is the orbital angular momentum L = r12n12 " öp and ! = m1m2/ (m1 + m2)2 is
the symmetric mass ratio. The spinsöSa, relative position r 12 and linear momentum
öp variables fulÞll the usual canonical Poisson brackets, wherer12 = |r 12| and n12 =
r 12/r 12.

Certain tests of these results were performed. Most important,kinematical con-
sistency checks by using the global (post-Newtonian approximate) Poincar«e algebra
are applied. This requires the appropriate center-of-mass vectors.1,5,6 Furthermore,
we checked our Mathematica code by re-deriving the 3PN ADM point-mass Hamil-
tonian including the corresponding ultraviolet analysis in dimensional regulariza-
tion. Also the Hamiltonian of a test-spin moving in a stationary Kerr spacetime
is obtained by rather simple approach and used to check parts of the mentioned
results.

As an application the last stable circular orbit was determined via an ansatz

[Radiation reaction 
at this order

not yet developed?]
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A catalog of 171 high-quality binary black-hole simulations for gravitational-wave
astronomy
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Coalescing binary black holes are a primary science target of ground-based gravitational-wave
detectors. Detecting gravitational waves from these binaries and understanding the properties of
the wavesÕ sources require detailed knowledge of the expected waveforms. This paper presents
a catalog of numerical binary black-hole simulations that represents a major advance toward the
application of numerical relativity to gravitational-wave data analysis. The 171 simulations in
the catalog include 90 precessing binaries, mass ratios up to 8:1, orbital eccentricities from a few
percent to 10! 5, and black-hole spins up to 97% of the theoretical maximum. The simulations
follow more orbits (up to 34) than previous simulations, allowing a more reliable connection to
approximate analytical waveforms, which are used to extend numerical waveforms to span the entire
frequency range of a detector. The expanded parameter-space coverage of this catalog, together
with the length and accuracy of the included waveforms, will facilitate the development of new (and
improvement of existing) gravitational-wave template families, the study of detection e ! ciency of
gravitational-wave searches, and the understanding of systematic biases in parameter estimation of
detected gravitational waves. Formidable challenges remain; for example, precession complicates the
connection of numerical and approximate analytical waveforms, and vast regions of the parameter
space remain unexplored.

PACS numbers: 04.25.D-, 04.25.dg, 04.30.-w, 04.30.Db

INTRODUCTION

Gravitational waves (GW) from coalescing compact-
object binaries Ñ neutron stars (NS) and stellar-mass
black holes (BH) Ñ are primary targets for the next gen-
eration of GW detectors, such as Advanced LIGO, Virgo
and KAGRA [1Ð4]. Detecting GWs from compact-object
binaries requires high-quality, accurate theoretical wave-
form models for GW template banks. Similarly, mea-
suring source properties of detected signals (Òparameter
estimationÓ) relies on theoretical waveform models used
in Markov Chain Monte Carlo algorithms [5].

For widely separated binaries, post-Newtonian (PN)
calculations [6] provide gravitational waveforms to good
accuracy. However, numerical simulations of the full Ein-
stein equations are needed for the late inspiral, merger,
and ringdown portions of the binary evolution. Such
simulations are particularly important for stellar-mass
BH-BH and BH-NS systems: Late inspiral and merger
occur near LIGOÕs most sensitive frequency range, and
although BHs might have high spins [7, 8], some of the
spin contributions to the PN waveforms are known only
to lower expansion order than the non-spinning terms [9Ð
32].

This paper focuses on binary black holes (BBH). Nu-
merical simulations of BBHs became possible eight years
ago [33], with tremendous progress since (e.g., [34, 35]).
For best utility to GW astronomy, such simulations must
satisfy several conditions: (i) su" cient accuracy; (ii) as-
trophysical relevance, particularly low orbital eccentric-
ity [36, 37]; (iii) su " cient length (i.e., number of orbits)
to connect reliably to PN waveforms; (iv) su" ciently
dense coverage of relevant regions of parameter space.

The precise requirements for these conditions are appli-
cation dependent. For instance, 10 orbits is su" cient for
GW detection at BBH parameters that are straightfor-
ward to simulate (mass ratio q <! 4, dimensionless spins
! " S/M 2 <! 0.7 aligned with the orbital angular mo-
mentum) [38]. On the other hand, parameter estimation
can beneÞt from well over 100 orbits [38Ð41]. Require-
ments become more stringent with more extreme BH spin
and mass ratio [40]. For precessing binaries, analogous
studies have not even been performed because of a lack
of inspiral-merger-ringdown waveform models.

Satisfying all conditions (i) to (iv) is so di " cult that,
despite advances in numerical methods, simulations have
barely reached the minimal desired quality. For instance,
the world-wide NINJA-2 collaboration [42] resulted in 40
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Gravitational waves (GW) from coalescing compact-
object binaries Ñ neutron stars (NS) and stellar-mass
black holes (BH) Ñ are primary targets for the next gen-
eration of GW detectors, such as Advanced LIGO, Virgo
and KAGRA [1Ð4]. Detecting GWs from compact-object
binaries requires high-quality, accurate theoretical wave-
form models for GW template banks. Similarly, mea-
suring source properties of detected signals (Òparameter
estimationÓ) relies on theoretical waveform models used
in Markov Chain Monte Carlo algorithms [5].

For widely separated binaries, post-Newtonian (PN)
calculations [6] provide gravitational waveforms to good
accuracy. However, numerical simulations of the full Ein-
stein equations are needed for the late inspiral, merger,
and ringdown portions of the binary evolution. Such
simulations are particularly important for stellar-mass
BH-BH and BH-NS systems: Late inspiral and merger
occur near LIGOÕs most sensitive frequency range, and
although BHs might have high spins [7, 8], some of the
spin contributions to the PN waveforms are known only
to lower expansion order than the non-spinning terms [9Ð
32].

This paper focuses on binary black holes (BBH). Nu-
merical simulations of BBHs became possible eight years
ago [33], with tremendous progress since (e.g., [34, 35]).
For best utility to GW astronomy, such simulations must
satisfy several conditions: (i) su" cient accuracy; (ii) as-
trophysical relevance, particularly low orbital eccentric-
ity [36, 37]; (iii) su " cient length (i.e., number of orbits)
to connect reliably to PN waveforms; (iv) su" ciently
dense coverage of relevant regions of parameter space.

The precise requirements for these conditions are appli-
cation dependent. For instance, 10 orbits is su" cient for
GW detection at BBH parameters that are straightfor-
ward to simulate (mass ratio q <! 4, dimensionless spins
! " S/M 2 <! 0.7 aligned with the orbital angular mo-
mentum) [38]. On the other hand, parameter estimation
can beneÞt from well over 100 orbits [38Ð41]. Require-
ments become more stringent with more extreme BH spin
and mass ratio [40]. For precessing binaries, analogous
studies have not even been performed because of a lack
of inspiral-merger-ringdown waveform models.

Satisfying all conditions (i) to (iv) is so di " cult that,
despite advances in numerical methods, simulations have
barely reached the minimal desired quality. For instance,
the world-wide NINJA-2 collaboration [42] resulted in 40

ar
X

iv
:1

30
4.

60
77

v2
  [

gr
-q

c]
  3

 J
un

 2
01

3

4

FIG. 3. Waveform polarizations h+ (blue) and h! (orange) in a sky direction parallel to the initial orbital plane of each
simulation. All plots have the same horizontal scale, with each tick representing a time interval of 2000 M (equal to 0.2 s for a
20M " BBH).

vious studies consider only aligned spins [47, 104, 105]
and at best either 15Ð20 orbits [39, 49] or a few orbits at
very large separation [106]. With the longer waveforms
in this catalog, these studies can extend to the earlier
part of the inspiral, where PN theory is expected to be
more accurate, and to include a larger region of parame-
ter space.

Independent validation of existing analytical waveform
models: Many waveform models [86, 107Ð111] are cali-
brated against numerical relativity simulationsÑbut usu-
ally only with a small number of simulations, which are
comparatively short (typically < 10 orbits). The new
simulations here enable tests of these models at di! erent
points in parameter space and covering more cycles.

Detection sensitivity: Following the approach taken in
the NINJA projects [42, 98, 112], our waveforms can
be injected into GW detector noise to study the e" -
ciency of GW data-analysis pipelines. Injections of pre-
cessing and/or eccentric waveforms from this catalog can
quantify the impact of precession and eccentricity on the
detection sensitivity of current searches using circular,
aligned-spin templates. The new waveforms will also help
assess the performance of searches with precessing wave-
form templates.

Systematic errors in parameter estimation: Parame-
ter estimation methods [5] currently use inspiral-only PN
waveforms. Applying parameter estimation methods to

the waveforms in this catalog will enable the systematic
errors of this approach to be quantiÞed.

Construction of precessing inspiral-merger-ringdown
waveform models:This catalog will enable the construc-
tion of sophisticated phenomenological or e! ective-one-
body waveform models forprecessingbinaries, extending
the Þrst such e! ort [113].

Periastron advance can be studied in aligned spin bi-
naries and generic binaries [114, 115].

While this catalog will enable pioneering studies, ma-
jor challenges remain for future work. First, for a wave-
form to be most useful for data analysis, it must be con-
nected to a PN waveform from the early inspiral, forming
a hybrid waveform [42] that spans the entire frequency
range of a GW detector. This is di" cult for precessing
conÞgurations, because of both the complexity of pre-
cessing PN waveforms and ambiguities in connecting PN
binary parameters with the numerical binary parame-
ters [88].

Second, most of the parameter space remains unex-
plored. Only 24 conÞgurations have mass ratioq > 3
(cf. Fig. 1); of these, only 5 are precessing, and almost
none have a spinning smaller black hole. Spinning BBH
systems for 5<! q <! 10 are particularly interesting be-
cause they serve as accurate proxies for BH-NS binaries.
Furthermore, the catalog contains only three simulations
(the only three to date [47, 94]) with spins ! " 0.93 (i.e.,
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Beyond Spins

¥Tidal interaction between BHs can be viewed as GWs propagating down the horizon  
[Fang & Lovelace 2005; Li & Lovelace, 2008; earlier work by Price & Pullin, K. Alvi]
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deforming each other ...

GW down 
the horizon

causing Masses & Spins of BHs to evolve slightly
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Summary

¥Semi-analytical  modeling can provide approximate waveforms fast

¥ ... also providing physical interpretations to various components of the waveform

- yet higher-order corrections do not have simple interpretations

¥For non-spinning binaries (at least for low multipole waves), it is straightforward to 
calibrate existing approximations by NR computations.

- complexity is low because only one parameter, the mass ratio.

¥For spinning binaries

- complexity is much higher due to high # of parameters

- comparison with NR is on-going.
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