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Problem 1: Gravitational “fields” and the equivalence principle

a) For gog = Nap + hag:
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Thus geodesic equation thus gives:
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b) Since g is stationary,
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dTAlice/dTBob 1s the gravitational redshift/blueshift that is observed by Alice for light emitted by
Bob.

dTAlice/dTBob does not measure the absolute potential ®.

c)
goo = —(1+az®)? = -1 — 2a2® — a*(2*)* ~ —1 — 2a2°, (7)

since |az3| < 1. So if we write G = N + Ay, then hog = —2az3 and hg; = hij = 0. Comparing
this to the h in part (a), we have —2® = —2az3, hence ® = az?, and Ay; = 0. Thus the geodesics

are
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From the equation of a geodesic, we see that a is the magnitude of a constant force that a particle

From part (b) we find

feels in the —3 direction.

d) Since our frame is accelerated with a constant acceleration a, we let our choice of coordinate

transformation be inspired by the Rindler coordinates, and we define the primed coordinates as
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Instead of directly showing that we have the Minkowski metric in the primed coordinates, we will
assume that we have the Minkowski metric there and then show that this leads exactly to the given
metric in the unprimed coordinates. We have
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since cosh? x — sinh?z = 1.
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Setting 2! = 22 = 2% = 0 gives t' = a~!sinh(at), 2! = 0, 22 = 0 and 2% = ¢~ cosh(at). Thus

in the Minkowski spacetime coordinates, the trajectory is
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a

The 4-velocity is
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The 4-acceleration is
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and so its magnitude is
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Problem 2: Orbits around a black hole

a) From the given form of ds? we immediately see that the metric tensor is diagonal (there are no

cross-terms) and if we label (20, 2!, 22, 23) = (¢, 7,0, ¢), the components of the metric tensor are

g33 = (z')?sin? 22, (18)



Since g is diagonal, the components ¢®° of the inverse metric are simply the reciprocals of the

components g,3, hence
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The Christoffel symbols are given by
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since g®? is diagonal. So for & = 0 we can only get a nonzero Christoffel symbol if one other index
is 0, because only ggo is nonnegative, and the other index must be 1, because ggo only depends on
x'. Note that 9,0 = 0 for all p and v, because no component of the metric tensor depends on
time. Thus the only nonzero Christoffel symbols with o = 0 are
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For o = 1 we get nonzero Christoffel symbols when = v = 0,1,2,3, but p =1 and v = 0 will
give a zero Christoffel symbol because g11 does not depend on ¢. Thus the only nonzero Christoffel

symbols with a =1 are
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and finally
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For oo = 2 we get nonzero Christoffel symbols for p = v = 3 and for 4 = 2 and v = 1. Thus the

only nonzero Christoffel symbols with o = 2 are
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I, = —sinf cosf. (25)



Finally, for « = 3 we can only get nonzero Christoffel symbols for =1 and v = 3, or p = 2 and
v = 3, because no component of g depends on z® and g33 only depend on z' and x2. Thus the

only nonzero Christoffel symbols with o = 3 are
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b) We have
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Since r and # are constant, it immediately follows that " = u’ = 0. Since we are talking about a

physical orbit of a particle, the 4-velocity must be time-like, thus we need

— 1 =uUy = gagu®u’ = — <1 - 25}4) (ut)? + r? sin? 0 (u®)?
& r?(u?)? = (1 — 21”) (u')? -1, (29)
since 6 = /2.
c) Since the trajectory is a geodesic, we have
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since u” = u? = 0 and all the remaining Chistoffel symbols are zero. Similarly,
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since again u” = v’ = 0 and the remaining the Christoffel symbols are all zero. Thus we have
shown that u! and u® are constants, since their time derivatives are zero. O

Since u" = 0,
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since we take u® > 0 and u' > 0. We can now substitute the above into (29) to find
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So for a given r, u' is determined and then (32) also determines u?. (32) also gives

dp dodr u® | M
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which is exactly equal to the Keplerian result.
Now consider a distant observer with local time ¢', that observer will actually see the angular

frequency

do  dpdt _dtdr

since r — oo. Therefore, 2 actually corresponds to
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where we used (33) and where €)' is the angular frequency observed by the distant observer, M is

the mass of the black hole and r is the radius of the circular orbit of the particle. So €2 is actually
the observed angular frequency times a correction factor that depends on the mass of the black

hole and the radius of the orbit.

d) We see from (33) that there is no solution for u‘, and thus by extension for u® and a circular

orbit, if r < 3M. Thus we can have circular orbits only for r > 3M.
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