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1. Relativistic shocks

a) We are considering an ideal fluid with pre-shock flow parameters baryon number density n,
energy density p, pressure p, and a 3-velocity 5, and primed post-shock parameters. The number
baryon flux is S* = nu®, where u® is the 4-velocity of the fluid. We know that this baryonic
flux is conserved across the shock, 9,,S# = 0. Due to the translational invariance in the z2, z3
directions the preshock 4-velocity is u® = (v,75,0,0), and equivalently the post-shock 4-velocity
is u'* = (7/,70,0,0), in the rest frame of the shock. Conservation of baryonic flux thus implies

that nu’ = n/v/*, and we find the first conservation equation

nyB=n'vp3. (1)

We also impose the conservation of energy-momentum across the shock, 9,7"" = 0. The energy-
momentum tensor is written as T = putu” + p(g"” + utu”). We note that the components
of TH are T T and T%. Expanding the contraction in the conservation equation we see
0 TH = 00T + 9;T™. Noting that the system is time invariant, in the rest frame of the shock
we can therefore equate the pre-shock and post-shock 7% and T% components. First, considering
TY% = T we see that this implies pu®u’ + pulu’ = p'u/%u* + p'v/°u*. Thus we find our second
relation for the flow parameters,

(p+p)7V’B =0+ )8 (2)

Now equating T% = T"% | we see that pu'v’/ + p(1 + u'uw’) = p'u'u + p/(1 + v'*u"). Noting that

1+ 8%2 = 17152 = 2, we find our third conservation equation,

(pB* +p)7* = (P87 + )7 (3)

Thus we have found the three conservation equations for the flow parameters in the gas before
and after the shock

nBy =n'g"
(p+p)By* = (o' +p)B?
(pB* +p)7v* = (p'B” + ') (4)



b) As the incoming gas is cold we may neglected thermal motion in the pre-shock energy density,
ie. p ~ kT < pB? which means we take the total energy density is p = nmg, and comparatively
we take p ~ 0. We know that the outgoing gas is radiation dominated. The equation of state
for a radiation dominated gas is p’ = %p;ad, where p!_, is the energy density from radiation and
p’ corresponds to the radiation pressure. The total energy density in the post-shock gas is thus
p = 3p' + n'my. We have found the three desired equations for p, p and p’

p=nmo, p=0,  p'=3p'+n'mp. ()

c) Using the first two conservation equations and the conditions above |5, we find that

(P‘i‘p)ﬁ’)’ (/) +p )6/ 12 — nmoﬁfy = (4p +nm0)I@/ 2 (6)
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d) We now use the last conservation equation in 4| together with the conditions on p, p and p’ in
we find that

(pB% +p)y* = (p’ﬁ'2 +0)7% = nmeBy? = (36792 + ) + nmoB'y By (8)
N _ N, 12,72 4 /2 ¥ -7 By
(38292 +~2) L 15 ,2 =py-p9 — 48=(38"y ) 52y + 4 5 9)
l B ﬂu B B/ / 1 i 1— ,8/2
B=30+5-= 5, +4— =30+ ﬂ, T (10)

and thus we find the desired equation between the pre-shock and post-shock velocity

45 =36+~ Vi 57

g Sl

Looking at the equation we found, we should be able to spot one of the two solutions, or we can

use MATHEMATICA to find the two solutions explicitly. The equation is trivially satisfied for the

solution 8 = [, which is not what we are interested in studying as nothing physically relevant
happens. The nontrivial solution is given by

(11)

952 + 7

p= 1532 + 1

8, (12)

which is the solution we are interested in looking at.

e) The relation we found in part d is plotted in Figure (1l In the case of a non-relativistic shock,
B — 0. It should be clear from our plots that for the nontrivial solution 3’ < 3. Thus, in the
non-relativistic case where 3 — 0, 3’ — 0, as well, and we want to find the leading order behavior
in both 8 and f’. It is clear from Eq. that the leading order behavior is 3’ = % B3. But we may
also find this behavior from expanding Eq.

485 =367 +1 - <1 - %BQ + 0(5’4)> (1 - %ﬁQ + 0(ﬁ4)> (13)
= 287 + 52+ O(84, 6,56, (14
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Figure 1: In the left plot, using ContourPlot, we plot the solutions to[l1| and find both the trivial
and nontrivial solutions. To elucidate the interesting behavior in the nontrivial solution, we solve
for the nontrivial solution, given in Eq. and plot the solution as a function of 5 in the right
plot.

which gives us
8% 868 +5°=0 — (8-8)(B-18)=0, (15)
again taking the nontrivial solution, we find that in the non-relativistic limit 8 — 0, 3’ goes as
=15
Now we consider the case of an ultra-relativistic shock, 8 — 1, we see that for our relation in
Eq.[[Ias 8 — 1, v = oo, and thus we find

387 -4/ +1=0 — (B3 -1 -1)=0. (16)

soas B =1, 8 — %, for the nontrivial solution. Just as before we now want to find the leading
order behavior of 8/ with respect to 3. We start by expanding our solution in Eq. around
B'=1/3

987+ 7 Lo 2 / 3
=———03=1—- -1 —1)°. 1
Rearranging, we find that
1 2
"=+ V11— 18
F=3+3 B, (18)

which tells us the behavior of 8" in the neighborhood of 3 =1/3 as 8 — 1.

f) The pre-shock 4-velocity in the rest frame of the shock is u® = (,70,0,0) and the post-shock
4-velocity in the rest frame of the shock is u'* = (v/,4/4’,0,0). We want to transform into the frame
of the pre-shocked gas defined by the unprimed variables. Then we want to find a transformation
of the Lorentz factor for the post-shock gas. We want to boost the 4-velocity of the post-shock gas
into the frame of the pre-shocked gas, as such

¥y =By 0 0 o
a _ ra B By v 00 By
Ups = A qu’” — 0 0 1 0 0 (19)
0 0 0 1 0



As ugs = ps, we find that y,s = v7/(1 — F’). In the ultra-relativistic limit, where § — 1, §’ — %

and thus v — 2%/5, we find that vps — %7, which is the desired relation.

2. Electrodynamics based on the action

We begin by considering the action for a particle in an electromagnetic field
1
S = SEM + Sparticle + Sint = ~1on /d43: F,Fr — m/ dr + /d4x A, JH (20)
Qs P

where the three terms correspond to the gauge kinetic term for the electromagnetic field, the par-
ticle moving along it’s world-line, for a path P, and an interaction term, respectively.

a) First, we want to show that the action is gauge invariant, i.e. the variation in the action .5 = 0,
under a gauge transformation, A, — A, + 0,X, where x is some scalar field. We find the variation
of the action to be

It should not be surprising that the gauge field strength is gauge invariant. Under a gauge trans-
formation we find
Fu = Fu + 0,0,x — 0,0, (22)

and thus 6 F' = 0 because partial derivatives commute. Integrating by parts for the second term in
Eq. we find that

59 = / 4z (B, (x T*) = X DT (23)

As total derivatives vanish in the action, we are left with just the second term. Because the variation
of the action must vanish for an arbitrary x, we are left to conclude that 9,J* = 0, and thus the
charge is conserved.

b) We now consider a particle with charge e, we can construct the 4-vector charge for a point

particle as
m
Jh=e / 2 6D (@ — a() X (24)
p X

where \ is some parametrization of the particle’s world-line. Inserting this definition into the
interaction term we find that

nt = € z6W(z -2 da(\) =e x dz'(A)
Sw=e [ v, ( [ato 80—~ [ g e

Now we want to reexpress the particle term in the action, Spart, in terms of this parametrization.
More explicity, we want to reparametrize the proper time in the integrand using the \ parametriza-
tion of the world-line. From dr? = —gudrtdx”, we know that

dr / dzt dzv
a = —guuﬁ ax (26)




Therefore the particle’s action takes the form

dxt dzv
Spart = —m/7;d7' = —m\/Pd)\ _guyﬁﬁ' (27)

So we can rewrite the particle and interaction terms in the action in terms of the A parametrization

of the world-line as
dzt dx? dzt
Sint + Spart = dX [ — — Gy —— —— A,— . 28
“Lpt/p (mV g“d)\d)\+e“d)\> (28)

We now want to consider the variation of the two terms in the action above by varying the functions
x#(X), where we take x#(\) — z#(\) + dz#(N). We consider the variation of the particle world-line

first,
1 dzt dzv \ "2 d(éxH) dx”
OSpart = [ dXN | =2m3 | =9 —1 G — ; 2
Spart /73 < m2<g“d)\d)\> <g“ ) d)\> (29)

where the first factor of two comes from the fact that the variations of % o and dz” “x are the same.
Proceeding, we find

B X d(5z+) d d(5a) dz,,
0 Spart = /pdA (mg“”dT ) d/\> /PCM< N dr (30)

/d)\ (dci\(mézr ) — (M)i}&ﬂ) :/Pd)\ 59@“( m?f) (31)

where in the last step we used our definition of the 4-velocity and rewrote the expression using a
total derivative, which vanishes when evaluated at the ends of the world-line P. Now we want to
vary the interaction term in the action, it should be clear that the variation of the gauge field is

04,
ox?

0Au(z(N)) = Z—702"(A). (32)

Thus, we find that

dxt d(dxt) dzt dA,
int = A v A = A _ St TR
3 Sint /Pd)\ e (8 ox Ix +A, N > /Pd)\ e <8 dz” o oz I > (33)

dz” dz”
e u _—
/Pd)\ eox <8MAV ™ 0, A, ™ > , (34)

where in the first line we rewrote the second term using a total derivative, and in the second line
we have switched the dummy indices in the first term and used the chain rule in the second term.
Putting the two terms together, we find that

du dx?
g . g K M —_—
0S = 0Spart + 0Sint /Pd)\ ox < o +e o FW> . (35)

Since the variation in the action must vanish for arbitrary dz*, we find the equations of motion for
the charged particle
dz” du
eF, —£

S ~0. 36
)\ d/\ (36)



By reparametrization invariance, we can reparametrize the world-line of the particle in terms of
the coordinate time t. Evaluating the free index over the spatial components, we find that

du’ dz? dzd
m 7t =eFy— o + eFlJ o =e (EZ + €ijkV; Bk) , (37)
and we have thus found the Lorentz force law
ﬁ:m5:e<ﬁ+6x§), (38)

which is the equation of motion of a charged particle moving through an electromagnetic field.

c) We now want to consider the variation of the action by varying the gauge field A, — A, +0A4,,
and in doing so find the equations of motion for the gauge field. Under the variation dA4,, we find
that

58 = /d4 ( QFMV(SFW,—F(SA JM) /d4 <—8F’W(0 5A —3 0A )—1—514 J”) (39)

= / d'z (—MF“”E)MéAV - 5AMJ“> = / d'r 54, (M(?NF‘“’ + J”> . (40)

The first factor of two in the first line comes from the realization that varying each field strength
gives the same contribution, and the second factor of two in the second line comes from the fact that
the second contraction can be rewritten in the form of the first contraction using the antisymmetry
of F,, and relabeling dummy indices. In the last step we have used a total derivative to pull out
the variation. Since the term in the brackets must vanish for an arbitrary variation, we find that
the equations of motion for the gauge field are

8, F* = Az J", (41)

where we have used the antisymmetry of ' and relabeled indices to get the expression into the
familiar form. Thus we have recovered the Gauss-Ampere law.



