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1. Basis Independence of Contractions

The tensor S is a rank
(
2
1

)
tensor, Sαβγ , and T is a rank

(
1
0

)
tensor, T β = Sαβα. More explicitly,

T (k̃) =

3∑
α=0

S(ω̃α, k̃, eα). (1)

Let’s consider an unprimed basis and a primed basis, where the two bases are related by a basis
transformation L. The transformation acts on basis vecotrs and basis one-forms as

~eµ′ = Lµ µ′ ~eµ and ω̃µ
′

= (L−1)µ
′
µ ω̃

µ. (2)

We now consider our contracted tensor T in the primed basis,

T ν
′

= Sµ
′ν′

µ′ = (L−1)µ
′
µ (L−1)ν

′
ν L

ρ
µ′S

µν
ρ = δρµ(L−1)ν

′
ν S

µν
ρ (3)

= (L−1)ν
′
ν S

µν
µ = (L−1)ν

′
ν T

ν . (4)

Since the components of the contracted tensor T β, transform as T ν
′

= (L−1)ν
′
ν T

ν , just as we would
expect any rank

(
1
0

)
to transform, we may conclude that the contraction T of S is independent of

the choice of basis.

2. Forms in 2 Dimensions

a) We are working in two-dimensional Euclidean space R2. First we want to find the Hodge dual
of a scalar f ,

? f = (?f)ij = εijf. (5)

Now we want to find the dual of a vector,

(?v)j = εijvi. (6)
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Explicitly, we see that for a vector v = (v1, v2), the dual vector is ?v = (−v2, v1). The geometric
interpretation of this is that taking the dual of a vector corresponds to a π/2 rotation counterclock-
wise. Thus we may preempt the next question and guess that taking the dual of the dual vector
will correspond to a rotation by π, and gives us −~v.

(? ? v)j = εij(?vi) = εijεkiv
k = −δjkv

k = −vk, (7)

as expected. Now the dual of the dual of a scalar,

(? ? f) = ?(εijf) =
1

2
εijε

ijf =
1

2
2f = f. (8)

A technical aside
For fun let’s try and rederive the same results in a more general discussion of some of these concepts.
First let’s review some general definitions which will be useful in our discussion, we write an r-form
in a coordinate basis as

ω =
1

r!
ωµ1...µr dx

µ1 ∧ . . . ∧ dxµr (9)

where the space of r-forms on an m-dimensional manifold M as is Ωr(M). Dropping the basis
allows us to write ω = ωµ1...µr dx

µ1 , where the prefactor is absorbed in the antisymmetrization.
The exterior derivative on an r-form is defined as the map d : Ωr(M) → Ωr+1(M). Thus for a
general r-form we find the exterior derivative to be

dω =
1

r!
∂αωµ1...µr dx

α ∧ dxµ1 ∧ . . . ∧ dxµr . (10)

Dropping the coordinate basis allows us to recover the familiar dω = (r + 1)∂αωµ1...µr , where r is
the rank of the form. The r + 1 prefactor comes from the antisymmetrization of all r + 1 indices
in the basis. Since dim Ωr(M) = dim Ωm−r(M) on an m-dimensional manifold M, it is natural to
define the Hodge dual action as the map ? : Ωr(M) → Ωm−r(M). Thus for a general r-form we
find the Hodge dual to be

? ω =

√
|g|

r!(m− r)!
ωµ1...µrε

µ1...µr
µr+1...µm dx

µr+1 ∧ . . . ∧ dxµm . (11)

Applying this operation twice we find that and using the identity,

εα1...αrαr+1...αmεα1...αrβr+1...βm = r!(m− r)! (det g)−1 δ
[αr+1

βr+1
δ
αr+2

βr+2
. . . δ

αm]
βm

(12)

For an r-form ω ∈ Ωr(M), we find that for Euclidean metric signature (0,m) and for
Lorentzian metric signature (1,m− 1), that

(0,m) : ? ? ω = +(−1)r(m−r)ω

(1,m− 1) : ? ? ω = −(−1)r(m−r)ω

Now we focus our general discussion to R2, where the signature is (0, 2). Now for an r-form
ω ∈ Ωr(R2), the expression for ? ? ω becomes

? ?ω = +(−1)r(2−r)ω. (13)
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Formally, thinking about a scalar f in the language of forms means we think about it as a 0-form,
which means we must make the definition f ∈ Ω0 = R. Proceeding we see that

? ?f = +f, (14)

whereas for a 1-form v ∈ Ω1(R2), we find that

? ? v = −v. (15)

b) We now consider a vector field v(x), or equivalently a 1-form field ω. The two ways we may
construct scalar fields are f = ?dω and h = ?d ? ω. We should see that these are both scalars as
dω is a 2-form and ?dω is a (2− 2 = 0)-form. Similarly, ?d ?ω is a (2− (1 + 2− 1) = 0)-form. Let’s
evaluate these explicitly, we start with

(dω)ij = 2∂[iωj] = ∂iωj − ∂jωi. (16)

This inherent antisymmetry is clear from the graded commumtivity in the coordinate basis of wedge
products,

dω = ∂µωνdx
µ ∧ dxν (17)

Continuing,

? dω =
1

2
εij(∂iωj − ∂jωi) = εij∂iωj (18)

where we have used the antisymmetry of ε. We can identitfy this as the curl of ω. We recall that
in three dimensions the curl of a one-form (or equivalently, a vector) gives us a vector, but in two
dimensions the curl of a vector gives a scalar as we see above. Now we consider the second way to
construct a scalar ?d ? ω,

?d ? ω = ?d(εij ωi dx
j) = ?d(gikεkjωi dx

j)

= 2 ? (gikεkj ∂`ωi dx
j ∧ dx`)

= εj`gikεkj ∂`ωi = δ`kg
ik ∂`ωi = gi` ∂`ωi = ∂`ω

i.

We identify this as the divergence of ω. We also note that since our space is Euclidean and
obviously has a well-defined metric, we have not concerned ourselves in the above discussion with
the distinction between one-forms and vectors.

3. Existence of 1-form Potentials

a) Consider a closed 2-form H, where the last row vanishes Hni = 0 for all values of i, and
Hij(x

1, . . . , xn−1, 0) = 0, i.e. Hij = 0 on Rn−1. We start with the fact that H is closed,

(dH)ijk = 3∂[iHjk] =
3

3!
(∂iHjk + ∂jHki + ∂kHij − ∂iHkj − ∂jHik − ∂kHji) = 0 (19)

where 1 ≥ i, j, k ≤ n. Using the antisymmetry of H we find that

(dH)ijk = ∂iHjk + ∂jHki + ∂kHij = 0. (20)
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We note that as the entire object is antisymmetric in all three indices there can be not repeated
index, i.e. i 6= j 6= k. We split the above equation into components and take k to run over just n,
and i, j to run over the other coordinates, 1 ≥ i, j < n. We find that

∂iHjn + ∂jHni + ∂nHij = 0. (21)

The first two terms vanish as Hni = 0 on all of Rn, which leaves us with the statement that
∂nHij = 0. This means that H = H(x1, . . . , xn−1) and is only a function of coordinates on the
Rn−1 subspace. Since we already know that Hij on Rn−1 we may conclude that H = 0 everywhere
on Rn.

b) We now take the dimension of our space to be n = 2 and claim that there exists a two-form
F that is closed. In two dimensions any two-form is automatically closed. In case this isn’t
immediately obvious consider taking the exterior derivative of a two-form in a coordinate basis
of forms, dω = ∂iωjkdx

i ∧ dxj ∧ dxk, where i 6= j 6= k. Thus as the indices only run over two
dimensions, dω = 0 by the antisymmetry of the indices. Now we define a one-form A = Aidx

i and
take the exterior derivative

dA = (∂iAj − ∂jAi)dxi ∧ dxj . (22)

In two dimensions F one has one degree of freedom, F12 = −F21, as F11 = F22 = 0. Let that one
degree of freedom be given by some function f(x1, x2), i.e. F12 = −F21 = f(x1, x2). Then as dA is
a two-form, we may write

f(x1, x2) = ∂1A2 − ∂2A1. (23)

There exist many choices of A1(x1, x2) and A2(x1, x2) that satisfy our conditions for F . But we
may make the choice that A1(x1, x2) = 0 and

A2(x1, x2) =

∫ x1

0
f(y1, x2)dy1. (24)

Thus for any 2-form F in two dimensions, there exists a 1-form A, where we may write F = dA.

c) We now want to extend our argument in part b, to n > 2 dimensions. All we need to do is show
that if in d = n− 1 there exists a 2-form F , such that F = dA, then this also holds for d = n. Let
F = F (x1, . . . , xn) be a closed 2-form in n dimensions and let there be another closed 2-form in
n− 1 dimensions G(x1, . . . , xn−1) = F (x1, . . . , xn−1, 0), where G = Gij for 1 ≥ i, j ≤ n− 1. From
our argument in part b, there then exists a 1-form field σi(x

1, . . . , xn−1) defined on Rn−1, the n− 1
dimensional plane, so G = dσ on xn = 0. Thus we may define

Ai(x
1, . . . , xn) = σi(x

1, . . . , xn−1) +

∫ xn

0
Fni(x

1, . . . , yn)dyn (25)

where the index i runs over i = 1, . . . , n − 1. Just as in part b, we fix the degrees of freedom of
A and take An = 0. Now consider a 2-form H defined as H = F − dA, which is clearly a closed
form. We now want to show that all the components of H vanish. Clearly by antisymmetry Hnn

vanishes. Now consider Hin where 1 ≥ i ≤ n− 1,

Hin = Fin − ∂iAn + ∂nAi = Fin + ∂nσi −
∂

∂xn

(∫ xn

0
Fin(x1, . . . , yn)dyn

)
= Fin − Fin = 0 (26)

4



using the definition of A above and the fact that σ vanishes in the xn direction. Now we want to
consider Hij ,

Hij = Fij − ∂iAj + ∂jAi (27)

= Fij − (dσ)ij −
∂

∂xi

∫ xn

0
Fnj(x

1, . . . , yn)dyn +
∂

∂xj

∫ xn

0
Fni(x

1, . . . , yn)dyn (28)

= Fij − (dσ)ij −
∫ xn

0
(∂iFnj − ∂jFni)dyn (29)

. (30)

Since 1 ≥ i, j ≤ n − 1, the integral will clearly vanish in the integration over the n-th direction
and since we defined Fij = (dσ)ij , we find that Hij = 0. We have found that H aligns with the
statement in part a, that the last row vanishes Hin = 0 on Rn, and Hij = 0 on the Rn−1 subspace,
and thus H vanishes everywhere. We have then found that everywhere in Rn F can be written as
F = dA, meaning we have explicitly constructed the 2-form field F as the exterior derivative of a
1-form A in n dimensions.

This result is useful in differential geometry and is often discussed in a more general context.
The more general statement of this goes by the name Poincaré lemma and states that for any
contractible open set on a manifold, or as is more applicable in our case, any contractible domain
in Rn, ω ∈ Ωr such that dω = 0, for r > 0 there exists α ∈ Ωr−1 such that ω = dα. An r-form
that may be written as ω = dα, where α ∈ Ωr−1, is called an exact form. In other words, for any
contractible domain in Rn a closed r-form is also locally an exact form. The measure of which closed
r-forms are exact forms on some manifoldM is called the r-th de Rham cohomology Hr(M). Thus
if all closed 2-forms are exact forms on R2 then the second de Rham cohomology class is trivial,
H2(R2) = 0.

d) From the nilpotency of the exterior derivative d2ω = 0, we see that for an exact 2-form F = dA,
the 1-form can be rewritten as A+dα, where α ∈ Ω0 (i.e. a scalar), without changing our definition
of F . Thus the 1-form potential is not unique. This is equivalent to saying that the 1-form A
is only unique up to an exact 1-form β = dα. This is just a mathematical restatement of the
gauge invariance of Fµν , which is the field strength of the gauge field Aµ, where a general gauge
transformation is given by Aµ → Aµ + ∂µf .

4. Electromagentic Potential

We know that F is an exact 2-form, given in terms of a 1-form A as F = dA. In the language of forms
in a coordinate basis, where a general r-form ω ∈ Ωr can be written as ω = ωµ1...µr dx

µ1∧ . . .∧dxµr ,
the field strength F and potential A are written as

A = Aµdx
µ F = Fµν dx

µ ∧ dxν . (31)

Thus we have
dA = 2∂[µAν] dx

µ ∧ dxν = (∂µAν − ∂νAµ) dxµ ∧ dxν (32)

using the graded commutivity of the wedge product (in which the antisymmetry of forms in en-
coded). Thus we arrive at the familiar expression

Fµν = ∂µAν − ∂νAµ. (33)
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Splitting the potential A into its time component Φ and spatial components, Aµ = (−Φ, Ai) and
recalling that the electromagnetic field strength encodes the electric and magnetic fields as

Fµν =


0 −E1 −E2 −E3

E1 0 B3 −B2

E2 −B3 0 B1

E3 B2 −B1 0

 (34)

or equivalently, Fi0 = Ei and Fij = εijkBk. Thus, we find that

Fi0 = ∂iA0 − ∂0Ai = Ei → ~E = −∂
~A

∂t
−∇Φ (35)

and that
Fij = ∂iAj − ∂jAi = εijkBk (36)

contracting with εijm we find that

Bm = εijm∂iAj → ~B = ~∇× ~A. (37)
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