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I. OVERVIEW

The next step is to proceed to construct the full Hamiltonian formulation of GR. Clearly this includes the Hamil-
tonian itself, but just as important is the canonical structure: what are the fields, what is conjugate to what, etc.
Reading:

o MTW §§21.6-21.8.

II. RECASTING THE LAGRANGIAN

The Lagrangian for GR is remarkably simple:

Sar = F/ \/_d4 — L= Tor \/_d3 (1)

However, while the action is manifestly covariant, the construction of “initial conditions” and the time evolution
development necessitate breaking manifest general covariance: we must slice the spacetime as described in the previous
lecture. The task, then, will be to write the Lagrangian in terms of the metric, any spatial derivatives, and the first
time derivative. Only then can we employ the standard construction of the Hamiltonian. In this section, we explicitly
set the signature parameter to s = —1.

We will choose in this case as our basic variables the lapse «a, the shift N;, and the spatial metric v;; associated
with slices ¥;. All of Sgr must be expressible in terms of these objects and their time derivatives — or, equivalently,
&, N;, and K;; (since this is related to ;).

In this system, the determinant of the metric tensor is simply given by

NlNl — 042 Nz

o’ |%J|

B ' N, N* %kN

= 0—o’y=—a’y. (2)

[In the second line, we have used the expansion of the determinant to extract the contribution from the —a? term,
which multiplies the determinant of the (D — 1) x (D — 1) matrix 7;;; and then the first determinant on the second
line must vanish, since the top row is equal to the linear combination of N! times the second row, plus N2 times the
third row ... plus NP~! times the last row.] Thus

V=g =a/7. 3)
The handling of R is harder. First, we see that in Gaussian normal coordinates,
R=RY;;+R"; + R" = R;; + 2R";; = P"VR — K!K] + K* + 2R"*, gn,,n"~5. (4)

The first and last expressions depend only on the surface and not on the nature of the coordinate system off the
surface, so they are equal in any general system. Most of the terms in the last expression depend only on first
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derivatives of the metric, but the Riemann tensor term is undesirable. We may recast it in a more useful form by

using
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= R“Wﬁn“n”(éfj —i—nﬁna)
= Ro‘#mn“n”—l—RaWﬁn”n”nﬁna
= R, anfn”
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Two of these terms are total derivatives. The others can be simplified by considering the tensor X<, = n®,,. The

definition of extrinsic curvature gives the components X*; = — K7, and also

207

X% ng =n%yng = %(no‘na);,,
so X% =0 and X*; = 0. Then
—n%on’,, +n%n’, = —K?+ K;KZJ
Combining with Eq. (4), we see that
R= P YR - KIK! + K?+2(~K? + K!K]) + total derivative,
which simplifies to

R=®-Vp_ K24 K;:Kij + total derivative.

Thus — aside from irrelevant total derivative terms — the Lagrangian reduces to

1 o
_ (D-Vp_ ;24 i ?} 3
Lor = 10— [ R—-K*+ KK | ay7die
or
1 B y y
LGR = ﬁ {(D I)R — (”y ]Kij)2 + Yy J’yleikKjl} aﬁd?’x.

The extrinsic curvature, which appears explicitly here, is a function of +;;:

1 .
Kij = %(_%’j + Nijj + Njja);

it is here that one finds all the dependence on 4;; (so that there is dynamics!) and on the shift N;.

IIT. HAMILTONIAN OF GR

(6)

Now we are finally ready to Hamiltonianize Einstein’s equations. We first find the conjugate momenta, and then

construct the Legendre transform.

A. Conjugate momenta

We consider here only the case where the matter Lagrangian depends only on the fields and on the metric tensor,
and not on the derivatives of the metric. This allows us to build the conjugate momenta only from Lggr. This is true
of e.g. the swarm of particles, electromagnetic fields, and scalar fields; if it were not true then of course the conjugate

momenta would be affected.



So we begin with the spatial metric: its time derivative appears only in Kj;;, and the relation between K;; and +;;
is merely a factor of —1/(2«). Then the conjugate momenta to the spatial metric are

. 6LGR 1 ikl 1 ik il —1
1Y = = ——AYy" K — A Kyt | — 13
g ( 5277 K + o B ) oo an/7, (13)
or
y 1 y y
9 = —(K~% — K, /7. 14
(K~ K (14)

Note that the conjugate momentum is a (D —1) x (D —1) symmetric tensor, except for the volume factor /7 associated
with the functional derivative (which would not be in a standard tensor). We see that the extrinsic curvature is (aside
from the trace term) conjugate to the spatial metric. It is possible to solve for the extrinsic curvature in terms of the
conjugate momentum by taking the trace of Eq. (14), yielding

167

-2 =K 15
D2 ’ (15)

and then

g 1 . g
K9 =167y~1/2 (mnw - H”) : (16)

This will be very useful in building the Hamiltonian. _
It is natural to ask what are the conjugate momenta to o and N;, which we denote by I, and [IIy]*. Since the
time derivatives of the lapse and shift do not appear in the Lagrangian, the answer is simple:

M, =0 and [[Iy]°=0. (17)
These are the primary constraints. In general, constraints in Hamiltonian mechanics restrict us to subspaces of the
overall phase space. They tell us that out of what appear to be 20 independently specifiable functions at each point

(the 10 metric components and their conjugate momenta), in fact 4 of the conjugate momenta are not real degrees of
freedom.

B. Hamiltonian

The Hamiltonian is constructed by the usual Legendre transform method. For the purely GR parts of the Hamil-
tonian, we have

Her = /(Hii% + [IN)'N; + Ta6) d*z — Lag. (18)

We've already seen that I, = 0 and [I[Ix]* = 0, so the integral simplifies. Moreover,

Jij = —2aKi; + Nyjj + Njj; = =32may ™'/ <ﬁﬂ”ﬁj - Hij> + Nijj + Njji- (19)
Therefore
Her = —327T/Hij <ﬁn~m— —Hij> ay~1/? d3x+2/HijNﬂj &z — Lar
= —3271'/ <ﬁn2 - HZ-J-H“> ay V2 + 2/11“1\]“]» d3x — Lar. (20)

To finish the Hamiltonian, we must express Lgr in terms of conjugate momenta. Using Eq. (16), we have

- 2567 1 1 o
-K*+ KK] = I + 25677y (—H&; —n;) (—Hag —Hg)

- (D-2) D—2 D—2

_ 1 .
256m2y ! (—mn2+njng>. (21)



This allows us to remove the extrinsic curvature terms in Lgr. Moreover, we may use integration by parts to simplify
the shift term:

/H”NZ—U Br = /Hijfl/?Niml/z’ Bx = —/(Hi17*1/2)|jNi71/2 P (22)
This leads us to the final Hamiltonian:
1 . 1 g
Hgr = 167T/ <—D—_H2 + Hijﬂ”) ay 2 — ﬁ/ P=DRay' 2 dPz — 2/(H”7*1/2)UNW1/2 Bz, (23)

Remember that there may be an additional Hamiltonian term associated with the matter fields.

C. Secondary constraints

We have now built a Hamiltonian, and we have a set of coordinates and momenta {c, N;,vij, Ha, [IIn]7, T1¥}.
However, this does not completely solve our problem, because we do not yet know what parts of the phase space
are physically allowed. We already learned that there are the primary constraints that restrict the possible range of
conjugate momenta, Eq. (17). A further set of constraints — the secondary constraints — arise from requiring that the
primary constraints remain satisfied as the system evolves. To obtain these, one writes

SH

—5 =

SH

I, =
ON;

0 and [Iy]' =—

0. (24)

Using Eq. (23), we see that these equations imply

1 .. 1 6 matter
tor (gl +IIY )70 = g (P St )
and
g 0 Hatter
—2(1_[1]'}/71/2)\]‘71/2 + J-  matter _ 0. (26)

ON;

These are the secondary constraints. Note that they are constraints on the legal v;; and I — ie. on the spatial
geometry and extrinsic curvature. Thus if initial conditions are to be specified via {a, N, vij, Ha, [lv]%, 119}, they
are constraints on the initial conditions.

To understand these equations, we investigate the functional derivatives of the matter Hamiltonian with respect to
the lapse and shift. We haven’t written down the matter Hamiltonian, but we do recall the rule from Hamiltonian
mechanics that the partial derivative of a Hamiltonian is given by 0H/0q|, = —0L/dq|4. Therefore,

6Hmattcr _ 5Lmattcr _ _ET,U.I/ /_g (27)

6gu1/ o, [T x]?, 118 5‘9“” g 2
Recalling the form of the metric tensor, we see that since ggo = v* N;N; — a? and go; = N;:

5Hmattcr 5Hmattcr
- " = _q———
e goo

=ay/—gT" = * /4 T(dt,dt) = /T (n,n). (28)

Similarly, we find that
6Hmatter 92 6Hmatter
ON; 990
= —\/—g (TOi+NiTOO)
_ —aﬁ (gijTOj—l—giOTOQ—I—NiTOOgOO—f—NiTOngj)
= —ayy VT —a > N'N'T?; + o> N'T% — N'T%a "% + N'T%;a > N7|
= —ay/ T
= V17T (n,e;). (29)

6Hmatter
900

+ 299 N;



Thus § Hmatter /0 = /7 p and 0 Hyagter/ON; = ﬁJi, where p is the energy density measured by a normal observer
and J* is the (3-vector) momentum density seen by that observer.
We may now write Egs. (25,26) directly in terms of the extrinsic curvatures: multiplying them by 81y ~1/2, they
are
Hmattcr

1 o 0H, . iy ) _
i [(p-1) 2 _ i ‘_7} _ —1/2 9 matter _ li _ 7eif  _ —1/2 _ i
5 [ R+ K* - KiK; 8y “sa 8tp and K K" ; =8y 5N, 8 J". (30)

The left hand sides of these equations are G(n,n) and v"*G(n, e;), respectively, according to the relations derived
in the previous lecture.
We thus conclude that the secondary constraints are 4 of the 10 components of Einstein’s equations.
We may further conclude by inspection that the Hamiltonian, at least of GR (this turns out to be true including
gauge-invariant matter fields as well), is linear in o and N;; thus

L[ sH L SHY
H—/(ag—a—i—NlaNi) . (31)

Thus the Hamiltonian vanishes if the constraints are satisfied. The actual value of the Hamiltonian for any
legal configuration of the Universe is zero.

One may then wonder if there are additional constraints beyond the secondary constraints. The answer turns out
to be no: if the secondary constraints are satisfied at the initial time, then it turns out that their derivatives are zero
by the equations of motion, and the constraints are satisfied at all times. (This is exactly true analytically — but may
not be true in a numerical code due to round-off errors or numerical integrators with finite step size. In particular,
the avoidance of growing constraint violations is a major challenge for numerical codes.)

IV. DYNAMICS

The Hamiltonian, Eq. (23), is most conveniently written as

L (D-1) g
Hgr = /a [167TGijsz”Hkl”Yl/2 - TRW} d*z + 2/H”Nilj d*z, (32)
™
where
o 1
Gijkt = Vi Vy; — 5 Vi (33)

is a tensor symmetric under i < j, k < [, and ij < kl.
From this, we may determine the time evolution of the spatial metric. Since under our assumptions the matter
Hamiltonian does not depend explicitly on II¥ (or generally the derivatives of the metric):

. 0H
Yij = 51_[(3;{ = 327TCVGijleklﬁ + 2Ny (34)
or
. 0Har 1
Yij = 61_[—1.7 =327« <H1J - mﬂ”m) ﬁ‘i‘ Ni\j + Nj|i- (35)

This is the usual relation between the derivative of the spatial metric and the extrinsic curvature.
The evolution of the conjugate momentum is trickier. In general it is I = —§H/d~;;. There is a part associated
with the matter Hamiltonian. Since gog = Y*'NpN; — a?, we see that

_ 6Hmatter - _ éHmatter + 6Hmatter 'Yki'}/lekNl _
07ij 09ij dgo0

(T — TN'N7) a\/7. (36)

N~

Now we define the 3-dimensional stress tensor to be the tensor S on X; to be the restriction of the 4-dimensional
stress-energy tensor: Sy; = Tj;. This object”is inyariant under changes of slices other than ¥;, and its indices are
raised and lowered according to v;; (note: S # T%). Then

Si; =T = gng,,T“U = NiNjTOO + 2N(i’7j)kT0k + %‘k’}/lekl. (37)



Raising the indices on both sides with v gives
S = TONINI 4 2NCTDO 4 i3, (38)

But from Eq. (29) we found that J* = a(T% + N*T%). Thus

NCJD = o(NCTIO 4 NINIT), (39)
We thus conclude that
S = TON'N/ 4+ 2(a 'NUJD) — N'NIT®) 4+ 7% = T — TON'N7 4 207N J7), (40)
and so Eq. (36) gives
—Lg“;;t = % (aS% — N'JJ — NI.J%) /7. (41)

We also need the derivatives of the GR Hamiltonian. Recalling that

0
0ij

/<D*1>R VA die = PG, /5 (42)

and keeping track of the numbers of derivatives, we can see that in general

1)
5%‘3‘

/Q(Dil)Rﬁd?’ﬂf = =PG4 (10 + eI M ap) A (43)

for some c1,c2. One can find ¢; and co by noting that for nearly Euclidean spaces in Cartesian coordinates with
Yij = 05 + hi; we have P-DpR = hik,jk — hij kk; integration by parts in Eq. (43) to move the derivatives onto « gives
ci=1and cy = —1.

Remembering that 9y~1/2/0v;; = —1y9~y~1/2

, we see that

)

H2’YU 7—1/2' 44
5’}/1'3' ( )

L 2 | .
/alemnH“Hm" v dr = a [mw’w - 55 Y = I — DD

Finally, the integral involving the shift depends on +;; only indirectly through the Christoffel symbol on the covariant
derivative:

5 ]
2 /H“Nkud% = -2 /H“Nm(D’”FZ? d’x
0% 0%
]
- _W/HkleWm"(—”Ykl,n+%k,l+”Ynlvk)d3“’
()

= TNy ™ D™~ + Yokt + Ynik) — (T7 Ny y™) o+ (TN A?™) 4 (9 Ny ™) 4
= 2@ UPY NI — (Y N™) , + 2(ITCND)
_ 2(D71)FI(CJI‘Ni)Hkl . (Hij771/2Nn)7n71/2 + 2(Hl(iNj),771/2)7l,71/2
—(P=0pE TN 4 2P=DTE IO NI,
= =y ANy 4 2(NUTI = 2) 412, (45)

Putting all the pieces together, we find that

% = —16 o1T? Hk:_] — % I - _Hkl—[l ij 71-[2 i -1/2 _ _(D—l)Gz]
i D—2 g kT Ty gy T 167 VI
1 - . e il il —
+16—ﬂ_(a‘l] _ 71]7k1a|kl)ﬁ+71/2(NlHU’Y 1/2)“ _ (N_]H l'7 1/2)“71/2 _ (N H]l’}/ 1/2)‘l,yl/2
+5 (a8 = N'JT = NIJ') /3. (46)

Note that aside from the final factor of /7, this is a tensor on X;.



We thus see how the spatial metric and its conjugate momentum (and hence the extrinsic curvature) evolve. We
also know that they must satisfy the initial value (secondary) constraints, Eq. (30). This leaves open the issue of the
evolution of o and NV;, whose conjugate momenta are zero. Of course, we want to write down a rule like

0H

&
but since II,, is identically zero, the functional derivative is undefined. Mathematically, the functional derivative can
be anything since we have not defined H for II, # 0, and so we conclude that & and N; can be anything. This is
nothing but the gauge ambiguity of GR: the spatial slice ¥; can be pushed forward and re-parameterized according
to any o and N; functions that we choose.

More generally, this phenomenon is part of the behavior of Legendre transformations of an action principle when
many paths related by a gauge transformation have the same action. Remember that the conjugate momentum is the
derivative of the action with respect to final coordinates. The resulting primary constraint that some of the conjugate
momenta are always zero (due to gauge-equivalent configurations) allows us to choose when evolving the system which
of the many gauge-equivalent descriptions of the final state is explored by our numerical code.



